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The Yang-Mills equations were introduced by theoretical physicists and are
now accepted as a basic ingredient in particle theory. In the past decade these
equations have become important in mathematics in two separate areas. It was
observed early on that the twistor formalism of Penrose and the Atiyah-Singer
index theory can be employed to good purpose in order to describe special
solutions, called anti-selfdual solutions; see [29],[3]. Using techniques of alge-
braic geometry, Atiyah-Drinfeld-Hitchin-Manin [2] were able to describe all such
solutions over S* (or R*) in terms of holomorphic bundles on CP3 More
recently a simpler description using stable vector bundles was obtained by
Donaldson [8]. The techniques of partial differential equations were used by
Taubes [25], [26] to construct solutions on arbitrary four-manifolds. These results
and compactness theorems of the first author were incorporated into a general
theory of Simon Donaldson to obtain beautiful and spectacular results on the
differential structures on four-manifolds; see [10]-{11]. It is an observation dating
essentially back to Yang’s formalism of using C? instead of R* that the Taubes
solutions. give rise to holomorphic vector bundles over K#hler surfaces; see [30].

The theory of holomorphic vector bundles is central to algebraic geometry.
The concept of a stable vector bundle was introduced by Mumford in his study
of moduli for bundles [18). This theme has been pursued by several mathemati-
cians, notably Takemoto, Horrocks, Gieseker, Maruyama and Barth. An im-
portant contribution was made by Bogomolov [4], who showed that, for a
projective variety M with Pic (M) =Z and E a stable bundle on M, the
inequality

(02 - —kz;k}-cf) U220

is valid. Here k = rank E, ¢, and c, are the first and second Chern classes, and w
is a polarization for which E is stable.

Bogomolov’s work inspired the work of Miyaoka [17] on the inequality
3¢, 2 ¢ for algebraic surfaces of general type. Independently, the second author
also gave a proof of this inequality at the same time. While the methods of
Miyaoka and Bogomolov are essentially based on algebraic geometry, the method
of the second author used the techniques of partial differential equations to
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construct a Kihler-Einstein metric in his solution of the Calabi conjecture in [31].
The Kihler-Einstein method has the advantage of giving insight into the equality
case 3c, = ¢} as well as generalizing to arbitrary dimension.

The Hermitian-Yang-Mills connection plays the same role for vector bundles
as the Kihler-Einstein metric for complex manifolds. Historically, Calabi [6]
based his conjectures on the same variational formalism used in Yang-Mills
theory. He considered the L2-norm of the curvature of the metric and showed
that under the appropriate assumptions the critial metrics must be Kihler-
Einstein. The same reasoning leads from Yang-Mills equations to Hermitian-
Yang-Mills connections. Likewise, the existence of a Hermitian-Yang-Mills con-
nection implies the Bogomolov inequality and strengthens the results by giving
insight into the case of equality.

The basic problem is then to demonstrate the existence of such connections in
stable bundles. This was shown by Donaldson in [9] in the case when M is an
algebraic surface. He uses properties of the restriction of the bundle to curves
and the theory of secondary characteristic classes. It is difficult to generalize his
method directly to higher-dimensional manifolds. These ideas are intertwined
with the work of Atiyah-Bott [1] and the convexity of the moment map; see [13].
It is an ultimate goal to extend this entire sphere of ideas to higher dimensions
than curves.

In this paper we demonstrate the existence of a Hermitian-Yang-Mills con-
nection in stable holomorphic bundles over any compact Kihler manifold. The
method is to perturb the equation and to study the limit of the perturbed
equation as the perturbation parameter goes to zero. This reduces the problem to
the regularity of a blow-up limit when there is no solution. We study this
regularity via two avenues: estimates for unitary (real) Yang-Mills type equations
on the manifold as a real manifold. Alternatively, we reduce the problem to a
regularity question for a weakly holomorphic map. Our solution generalized
Hartog’s theorem in several variables in that we show that a measurable differen-
tiable function of two complex variables which is separately meromorphic if one
fixes almost every point in one variable is in fact meromorphic. As an appli-
cation, one sees that any weakly holomorphic mapping from the polydisc into an
algebraic manifold is in fact a rational mapping. It is very likely that it is also
true for Kihler manifolds.

Recently, B. Shiffman has also proved the assertion on meromorphic func-
tions by a very different argument. He applied the assertion to study closed
positive (1, 1) currents.

1. Preliminary Discussion

Let E be a holomorphic vector bundle of rank r over a compact Kéhler
manifold X. For a Hermitian metric 4 along the fiber of E, the Hermitian
connection D: I'(E) - I'(T*X ® E) is characterized by the properties

() d(h(s,t)) = h(Ds,t) + h(s, Dt),

(ii)) D”s = ds, where D" denotes the (0,1) component of the connection D.
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We shall often express D as d + 4, where 4 € ['(EndE ® T*X) is the
connection matrix. With respect to a local frame {e,}, 4 = (48),_, 5., is
given by

(1.1) AB = (3h,5)H?,

where h,z = h(e,eg) and (h°F) = (h z)7".
The curvature F = d4d —A A Aof the Hermitian connection is a section of
End E ®A 2T*X. For a holomorphic vector bundle it reduces to

(1.2) F=084="h"90h + h~'9h A h~'9h.

In particular, the Hermitian curvature forms of a holomorphic vector bundle are
of type (1, 1).

Conversely, the integrability theorem of Newlander-Nirenberg implies that a
complex vector bundle admits a holomorphic structure if there exists a U(r)
connection whose curvature is of type (1, 1).

Given a Kiahler metric g on X, we define an operation tr,: I'(End E ® T7* X)
— I'(End E) as follows. For a section F = (Ff) € I'(End E ® T} M),

ik
(1.3) tr F = (trgFf)lga,ﬂgn = (Zgj F«fj})lsaxﬂén’
where Ff = F2; dz/A dz*. From now on we shall consistently use 1 <o, 8 < r

to indicate fiber indices and 1 < j, k < n to denote base indices. We shall also
adopt the following convenient notation:

f}; = (FaBjT()l§a,B§’,

tr,F =) g'"Fx
ik

(1.4)

DEFINITION. A holomorphic vector bundle of rank r over a compact Kéhler
manifold ( X, g) is Hermitian-Y ang-Mills if there exists a Hermitian metric 4 for
which the Hermitian curvature F satisfies:

(1.5) tr,F = pl,

where I is the identity endomorphism of E and p is a conmstant; in local
coordinates:

(1.5a) g*Ffs; = psf forall 1<a,Bsr.

The Hermitian-Yang-Mills condition (1.5) can also be expressed by first
lowering the indices using 4, i.e.,

Fh = (Faﬁ)lsa,ﬁgn’
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where
(*) Fgz=F}h g

Now contract by g:
trth = ( %gijanE) = Zgijaj;hyﬁ'
S

Then (1.5) is equivalent to tr F;, = ph, which is
(1.6) T h,pg*Fy, = php.

If we take E = TX to be the holomorphic tangent bundle and h =g
(h,5 = 8,5) then (1.6) becomes the familiar K4hler-Einstein condition

(1.7) 8,58"Fz = g5 or Ric=pg.
The left-hand side is simply the Ricci curvature

= glkF
Faﬁ - gj aBjk*

The Hermitian-Einstein factor p can be expressed in terms of invariants of E
and X. The first Chern form C;(E) = C,(E, h) is given by
i B I a8 S
C(E) =5 Zﬁh *Fp= 5, LhPFprde’ A dz*.

If « is the Kahler form given by (i/2m)g; dz/ A dz*, then

_ Ci(E) Ao !
afl, jk w"

= (Lhg F o) Sy -

Therefore by (1.6) we have
w" w"
CE)A +w= p.Zh“EhaEF = p(rank E) .
Integrating the above, we get

1.8 - u(E) = — fXCI(E)A*w_ 1 deg,E
(1.8) p=r(E) = GX ~ Tank E ~ (vol X) rank E’

5UBD1] SUOWILLIOD BAITERID) 3|ced!|dde au Aq paueAob .2 aILE WO 88N JO Sajn. oy Aeig 18Ul IUO 4311/ UO (SUONIPUOD-PUB-SLLIBIALIOD A 1M ARG BUIIUO//SAI) SUONIPUOD PUE S 1 a1 89S *[5202/T0/90] U0 Ariqiaulluo A|im ‘YieeH AisieAun Buned AQ 71206609T€ edd/z00T 0T/10p/uwico A im Aleiq i pul|uo//Sdny woiy papeojumod ‘TS ‘986T ‘ZTE0L60T



HERMITIAN-YANG-MILLS CONNECTIONS S261

where
(1.9) deg E = fCl(E) A *a.
D.¢

Notice that for any Hermitian metrics » and #’, we can find a function )4
such that

/X[Cl(E,h)—Cl(E,h’)] A *w=j;(85pA m=/Xd(5p/\ xw) =0

because dw = 0 (w is a Kihler form). Thus deg E (hence also p) is independent
of the Hermitian metric 4 (but does depend on w).

From now on, we shall call p7 - tr, F the Hermitian-Yang-Mills tensor and
denote it by H.

For a coherent analytic subsheaf § of E, define

() = Cu(det §**), deg, = [Ci(F) A*e and p(F) = deg, §/rank §.

DEFINITION. A holomorphic vector bundle E over a compact Kihler mani-
fold (X, w) is (semi)-stable if, for every coherent subsheaf & of lower rank,

p(8F) < p(E)(respectively <).

Remarks. (i) §* = Hom (&,0), where @ is the structure sheaf of M.

(ii) F is reflexive if and only if §** = (F*)* = §. A rank one reflexive
sheaf is a holomorphic line bundle.

(iii) A reflexive sheaf is locally free (i.e., a holomorphic vector bundle) outside
a subvariety of codimension greater than or equal to 2.

(iv) It is enough (in the definition of stability) to consider only reflexive
subsheaves.

One has the following:

PROPOSITION (see [19]). A stable holomorphic vector bundle over a compact
projective manifold is simple, i.e., dim I'(M,End E) = 1), namely holomorphic
endomorphisms of E are of the form AN1d g, with A € C.

The proof can be sketched as follows. By tensoring E with H* for ap-
propriate power of the hyperplane section bundle, p(E ® H¥) € {—r +1,
—r+2,---,—1,0}, where r = rank E. Clearly, E ® H¥ is stable if and only if
E is stable and E ® H* is simple if and only if E is simple. Now if E ® H* is
not simple, the structure sheaf O is a subsheaf and p(0) = 0 2 p(E ® H). This
will imply that E ® H* is not stable.

85UB017 SUOWILIOD 3AIIa.D edtdde au) Aq pausenob ae Sp1Le VO ‘85N J0S8|nJ 0} ArIq1T 8UIIUO AB|IM UO (SUONIPUOD-PUR-SLIBIWI0D A8 1M AIq 1 [UIUO//SdNL) SUORIPUOD PUe SW | 8U3 38S *[5202/T0/90] Uo ArigiTauluo AB|im ‘YesH Aiseaiun Buied Aq #T206809T€ ed0/Z00T OT/I0p/w0o" A8 1M Afe.q 1 put|uoj/sdny wouy papeojumod ‘TS ‘986T ‘ZTE0L60T



S262 K. UHLENBECK AND S. T. YAU

It is very likely that the proposition also holds for compact Kihler manifolds.
In any case, we shall assume simplicity is part of the definition of stability.
With this definition, the main theorem of this paper is the following:

THEOREM. A stable holomorphic vector bundle over a compact Kihler manifold
admits a unique Hermitian-Yang-Mills connection.

As we remarked in the introduction, this generalizes a result of Donaldson’s
for complex algebraic surfaces. Donaldson uses a heat equation method, sec-
ondary characteristic classes, a theorem on the restriction of stable bundles over
surfaces to special curves, convergence of connections with L2-bounded curva-
tures as unitary connections, and the removable singularities theorem for Yang-
Mills equations over real four-manifolds. Our first approach was to try to either
extend or simplify his method. It is not hard to see that solutions of the heat
equation do exist for all time in any dimension, and one feels that their behavior
as t = oo is much the same in all dimensions. In fact, our a priori estimates in
Section 5 do show convergence (as unitary connections) off a set of real
codimension four. However, the theorem in algebraic geometry on restrictions to
curves is missing. Even more serious from the analytic point of view, we know
that there is no removable singularities theorem, since we may actually be
obtaining sheaf solutions, or solutions which are of necessity singular on a
complex submanifold of X of complex codimension two. The analysis of this
limit has not been carried out, although we conjecture that there is a “removable
singularities” theorem that constructs a sheaf from our limit which is singular off
a set of real codimension four.

Our approach is then of necessity different from that of Donaldson. We fix a
base metric and its holomorphic structure on E and replace the heat equation by
the one-parameter family of nonlinear elliptic equations

(1.10) H=H,-gP35(h7* %) = —¢logh.

Here we think of € = e™* as replacing the time parameter in the heat equation.
Recall that H is the Hermitian-Yang-Mills tensor associated with A. The term
log h is only mysterious at first. Recall we have, point-wise over each point of X,
two bilinear forms, the original metric and the new metric 4. Therefore, for any
smooth function p: R* — R we can talk about p(h). As long as & is smooth, so
will be p(h).

We show that solutions always exist for 0 <& < oo, and persist to ¢ = 0
unless a certain very specific disaster happens to the bundle. Analytically, we
detect this precisely in the form that, for a(e;) — 0,¢, > 0,

J
a(e;)log h(e;) -

j=0 J

aj'rrj.
1

Here the a; are positive constants and =, is the possibly singular orthogonal
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projection on the regular points of a subsheaf E; C E of rank less than E.
Moreover, E; C E,C --- C E; provides a filtration, rank E; ; <rank E,.
Because of the relationship between the Hermitian-Yang-Mills tensor of E and
this filtration, as well as the near orthogonal decomposition (which makes the
second fundamental form small) we find

C,(E) U wm! o GUEJ Y W
rank E; = rank E,

for all j = k = m. This of course violates the stability condition. This behavior
intuitively corresponds to what happens to unstable bundies under one-parame-
ter subgroups as described by Atiyah and Bott [1].

The technical part of the proof is quite straightforward except for one point.
We obtain the E; as “holomorphic” in a very weak sense from a weak con-
vergence argument. Obtaining enough regularity to describe the E; as sheaves is
more difficult. We have two completely different solutions to this difficulty. One
uses estimates for connections and curvatures in the holomorphic bundles
considered only as unitary bundles which gives enough regularity to insure
smooth convergence off a set of real Hausdorf dimension four. The second
independent method is a direct proof of a regularity theorem for a;, which
amounts to showing that a L3-weakly holomorphic map into a projective variety
is actually meromorphic.

2. Existence of Solutions to the Perturbed Equations

Let E be a holomorphic vector bundle over a compact Kihler manifold X.
Fix the background metric h, on E; then for any other metric 4, on E, we define
a smooth endomorphic 4 on E by

(2.1) (5,ty; = (hs, t),.
In terms of local coordinates,

(2.2) h=h3'h,

or

hY = LhE(hy) oz
B

Clearly, h is selfadjoint and positive. Hence,
(2.3) (hs, ) = (s, ht)g,

and (hs,s) > 0if s # 0.
Conversely, given any selfadjoint positive endomorphism %, equation (2.1)
defines a Hermitian metric on E.
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S264 K. UHLENBECK AND S. T. YAU

From (2.2) we see that the Hermitian connection forms A! and A° are related
by

At = hit ok
=h"'hgt 3(hyh)
=h U+ h'oh
=h"Y(3h + [4° K]) + A°
=A"+ h 1 3%,
Hence,
F'=934'=34° + é(h—l'aOh).
The corresponding Hermitian-Yang-Mills tensors are related by
(2.4) H - Hy= —tr,d(h™' 3%%).
We simply write (2.4) as
(2.5) H=H,— 3(h=*3%).

Thus the existence of the Hermitian-Yang-Mills connection is equivalent to
the existence of a selfadjoint, positive endomorphism of E satisfying the equation

(2.6) H=H,- 3d(h '3%)=0.

Before we proceed, we introduce some notation. Given any real-valued
function ¢, we define ¢(h) as follows: Diagonalize # with respect to h, as
h =Y .eMe, ® e* Then we define ¢(h) to be L ¢(e**)e, ® e*. In particular,
logh=X A, ®ek

To prove the main theorem, we study the following perturbed equation:

(2.7) H+elogh=Hy— d(h ' 3%) +elogh =0.
This equation will be studied in these two sections. The problem of letting
¢ — 0 will be studied in Section 4.

Before we proceed, we normalize h, conformally so that tr Hy = 0. This can
be done because, by (1.8),

ftrHO%,— = deg E — p(rank E)vol M = 0.
¥ !
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(Note that if A = ph,, then tr H(k) = tr H; — (rank E)A p. The condition for
the existence of p such that tr H(k) = 0 is simply given by [, tr H, = 0.)

To solve (2.7) for large &, we set up a continuity argument by solving the
one-parameter family of equations:

(28) L, ,(h)=Hy,—d(h™'3%) + elogh — oh™'/’H,h'/* = 0,

with
0<ox1.
Let
(2.9) T, = {o € [0,1]|L, ,(h) = O has a solution}.

Then clearly T, is non-empty since, for ¢ = 1, h = identity solves the equation

for L, (k) = 0. As usual, we shall show that T, is both open and closed. This

implies T, = [0,1] and 0 € T, which means (2.7) has a solution.
Before we go on, we make the following observation:

PrOPOSITION 2.1. Suppose h solves (2.8). Then, under the normalization
trHy=0,deth = 1.

Proof: Taking the trace of (2.8), we obtain
(210) trH, — trd(h~' 3%) + tr(elogh) — o tr( h~Y/2Hh'/?) = 0.
Since
trd(h~18%) = tr(G(h~1 8h) + 3(h~*(4° — hA°)))
= 3d(trlog k),
we have
Atriog h — etrlog h = 0.

By the maximum principle on compact manifolds, trlog » = 0, and therefore,
deth = 1.

In order to see that T, is open, one applies the implicit function theorem and
hence one wants to study the linearized operdtor 8L, ,. For any C' function ¢,
we compute the variation of ¢(4) by

8¢ (h) = Lo'(eM)etedh e, ® el

(2.11)
+Y ¢(er)de, ®er + Y p(er)e, ® Sel.
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S266 K. UHLENBECK AND S. T. YAU
Let 8e, = Lz8afes. Then, since 8[eX(ep)] = 0, dek = —YLdagej. Therefore,

(2.12) 86(h) = Te(er)dh,e, ® ek + X [d(eM) — p(e™)]Sakes ® e,
a a, B

From now on we shall define the trace inner product in End E by
(A, B) = tr AB*,

where the identification E = E* is made via the base metric h, All the
constants depend only on the Kéhler metric on X and the base metric on E.

Lemma 2.1. (8log h, 8hh™1) > (m/(e™ — 1))|8h « h™ Y2, where m =
max jlog h|.

Proof: From (2.10) we have
dlogh=Y8Ae,®e*+ Y (A, —Ag)dalke, ® e
Furthermore,

Sheh™t=3 (87, )e, ®eX+ Y (1 —eM?)8alke, ®er.

Thus,

(8hh, 8k h™"y = Y|8N )2 + Zﬂ(l — et (N, — Ap)[8af)?

and
8 « kY2 = LI8A,2 + LjdafP(1 — el ),
It is a simple exercise to check that, for any A, Ag,

>\u.—>\ﬂ > m
1_97\ﬁ—>‘a=e"‘—1’

with m 2 max(|A,), [Ag])-
The lemma follows from this fact and the above two inequalities.

LemMma 2.2.

[X<s(h—1/2H0h1/2), Sheh™1) < 2||h'1/2H0h1/2|1wa|'o‘h chY2
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Proof: By computation,
a(h—l/zHOhl/z) - (h—1/28h1/2)[h—l/zHOhl/z]
+ [h”1/2H0h1/2] h=128K12,
On the other hand,
R V2p2 = 1Y SA e, ® e* + Zﬁaf(l —exp{3(Ag — )\a)})eﬁ ® eX.
Hence,

|h =121 22 = LY I8A )2 + LI8af2(1 — exp{3(A, - A.,)})z <|8hehn7Y?,

and Lemma 2.2 follows.
LEMMA 2.3.  [x(8(3(h™ ' 3%)),(8h) * h™1) 2 e 2™[,|d%(8h + h™1)|2
Proof: By computation,
8(a(h=13%)) =a(—h~8h-h"13% + h™1 3°(8h))
=3(—h"%8na°(h™') «h + A1 3°(8h))
=g(h~19°%8h+h"1)h).

Therefore,

—j(&(é(h-l a°h)),8n - h71y = —f(ﬁ(h"lao(Sh-h‘l)h),Sh-h'1>
X X

/X<h—1 3%(8h+ k™ Y)h, 39(8h + k1))

> e*z"'f|a°(6h G
X
PROPOSITION 2.2. Let ¢ = 8h and m = maxllog h|. Then,

/X (8L, 5(h)($), oh™")

-2m Of 4 o p—1);2 em -2 _ 2m .12
2 [19°(6 - h) + g [Jo < b = 206 max| Hol [ 6+ b7
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S268 K. UHLENBECK AND S. T. YAU
Proof: By computation,

8L, ,(h)($) = —tr38(h~1 3%) + e8(log h) — o8(h~'/*HyhV/?)

trd(h=1 3% ¢+ h~)h) + ed(log h) — o8(h™2Hyh'/?).
The proposition follows from Lemma 2.1, Lemma 2.2 and Lemma 2.3.
Using the normalization tr H; = 0, we prove in Proposition 2.1 that det h = 1
and tr8h « h™! = 0. Therefore, (8h+h~}, I) = 0.
Since the kernel of the operator d3° gives holomorphic sections of End E

and E is stable, it consists of a constant multiple of the identity. Therefore, if
K > 0 is the first non-zero eigenvalue of the operator — 3% 9%,

[19%(sh™ ) 2 K [ oh P
X X
Hence we have proved the following:

PROPOSITION 2.3. Let max yllog h| < m and ¢ = 8h with trh~! = 0. Then,
J (3L o(R)o, 6h7") 2 C(m, e,0) [ 16+ 72,
X X

where

C(m,e,0)=e K+ m(em—~1)"'e - oez’"m,‘a,lx|H0|.

In order to make use of Proposition 2.3, we need an estimate on m.

LemMMA 2.4. Suppose Hy — d(h™' 3%h) + elogh — h™Y2H,h*/? = 0 and u
= log h. Then,

lul|{Hy — Hol 2 — $Au|* + elul?,

and

m = max|u| £ ¢! max|Hy — H,.
X X

Proof:  Since (u, k™2 h'/?) = (u, e “/*He*/?y = (u, H,), it suffices to
prove that

(u, =3(h~'3h) + elog h) = — 3AJu|* + u)?.

It is also sufficient to prove this inequality for a dense set of ¥ € C*(End E).
Therefore we can assume  has distinct eigenvalues on an open dense set of full
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measure. On this open set, we can write

u=Y Ae,®e*.
o

Further,
h=Y ere,® el
Let A% = (30, eg). Then,
3%h =Y er(dA,)e, ®eX + Y (et — eM)APe, ® eF,
and
Blu=32(0A)e, ® ek + 3 (A, —Ag)APep ® e,
Therefore,
(8%, h713%) = T |aA, )2 + L |A%F |2 (PP — 1)(A, — Ap) + €lu)?

2 Y I0A,)2

Further,

{u,—d(h=*3%) + elogh) = —3(u, h™' 3%y + (3%, h~ ' 3°h) + efu)?

v

—1Au)? + u)®.

The estimate on max y|u| follows from the maximum principle.
By inverting the operator (— $A + &), we can also derive the following:

COROLLARY 2.1. If [y|u|* < m?, then

m;xlul < C(m + max|H, — Hy)),

where C is independent of e.

Using Lemma 2.4, we see that the constant C(M, ¢, ¢) in Proposition 2.3 can
be estimated in terms of K, |H,|, o and e. It is clear that when e is large (so that
m is small) compared with max|H,|, C(m, & o) > 0. The same conclusion holds
when 6 = 0 and & > 0. This shows that when ¢ is large or when ¢ = 0, the
operator 8L, _(h) is invertible.

Let h, be a solution of the equation L, ,(4) = 0 Then the map & - L, ,(h)
can be conSIdered as a nonlinear smooth map from Lf-space of selfadjomt
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S270 K. UHLENBECK AND S. T. YAU

operators of E to L}_,-space of selfadjoint operators of E. (Note that H is
Hermitian with respect to the metric defined by h.) It is easy to check that the
openness of 7, follows if one can prove that the above map maps a small
neighborhood of A, to a small neighborhood of the zero operator. By the implicit
function theorem, it is enough to prove the surjectivity of the linearized operator
8L, ,(hy). The surjectivity follows by showing that the kernel of its adjoint
operator is trivial.

Our second step is to show that 7, is closed when ¢ is large. This will require
a priori estimates. Under the assumption that e is large, Proposition 2.3 implies
that m = supy[log 4| is small. Therefore the closedness of T, follows from

PROPOSITION 2.4. If Hy— d(h™' 3%) + elogh — h"\2H,h'/?> = 0 and if
m = max y|log | is small, then

Il cxxry < C(m, 1 Holl ety 1 Holl ey ) -

Proof: Let u = log . Then we can rewrite the above equation as
— (e “F(u)d%) + eu= —Hy + e *?Hye"/?,

where F(u) = 6e*/8u is the matrix of derivatives of exp at w. Since m =
max yllog k| is small, |I — e “F(u)| = 8 is small.
Let Ay = dd, and T ~ e"“F(u) = G(u). Then,

—Agu+u=00-¢e)u+ d(G(u)d%%) — Hy + e “Hpe"?.

Since —A, + I is an invertible operator from L{ to L?,, there is a constant
C( p) such that

lullp < C(p)[( = &)lluli s, + llull ¢ + max|Hy| + e>"max| ).

Here we estimated the term
19(G(u)d%u )| e, < 11G(u)3%Il s < 8l .-

Therefore, if 1 — C(p)8 > $ or if § is sufficiently small, we have a uniform
LP-estimate on u. Exactly the same argument provides L [-estimates for u and
hence the proposition.

Proposition 2.4 shows that T, is closed when ¢ is large. In particular, 0 = 0 is
a point in T,. In the next section we shall prove the existence of solution for
L, ,(h) =0 for all e > 0.

3. Existence of Solution for L (h) = 0fore > 0

In this section we shall prove existence of a smooth solution for L (k) =0
where L, = L, ;. From the previous section we already know the existence for &
large. We also prove that the operator 8L, is invertible. Hence, the set of
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0 <& < oo where L (h) =0 has a solution is a non-empty open set. We shall
prove that it is also closed and hence L, (#) = 0 always has a solution for ¢ > 0.

Since the set of ¢ for which L (k) =0 is open, we can differentiate the
equation with respect to & and obtain 8L _(h)(8h) + log h = 0. We shall find an
estimate for 8.

ProrosITION 3.1. Suppose 8L (h)8h) + logh = 0. Then, for ¥ =
k"l/z(Sh)h“l/z,

(3.1) — AY|? + ¥ < —2(log h, ).
Proof: Let
34 = Adn\/?+ §+ Adh~/?
and

a1 =Adh 1%+ 3% 4dh/?
Then since 6H = —3(h~' 3°(8hh~1)h), one verifies that

(3.2) 8H = —h™ V(39 A(h~V28hh™/2)) B2,
Hence,
(3.3) 3"—8"\1’ + 8"6"_\11 = _-(h_l/ZSth/Z + h1/28Hh—1/2).

Since 8L (h)(8k) + log h = 0, we obtain

(34) 4I4F + 3434 + e(h™'/%8 log hhY? + K8 log hh~V/?)
3.4

= —2logh.
Taking the inner product with ¥, and using the inequalities
(3.5) 23497 + 8494¥, ¥) < A|Y)?,
and
(h=12(8log h)h'/2 + K1/2(8log h)h~/2, )
(3.6) = (8logh,8h~h~t + h™8h)
2 [¥)7,

we can derive (3.1) from (3.4).
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CoRrOLLARY 3.1. If 8L, (h)8h) +logh =0 and m = max yllogh|, then
max ,|0h| £ C(m).

Proof: By the proposition, we can estimate max y(¥) in terms of m +
(/x|¥|*)'/2. Therefore, it suffices to estimate

fx|~1f|2= fxl8h~h‘1|2.

It follows from Proposition 2.3 that we can estimate [y|6h < h~
of m.

12 in terms
ProprosITION 3.2, If 8L, (h)(8h) + log h = O, then
3.7) I8kl 5 < C(m)(lIAll 5 + 1)

Proof: By direct calculation,

8H =8h+h™Y(H - Hy) — h(30°(8h) — 9(8H)h™ ' 3°h
(3.8)
— Jhh~1 3°(8h) + dhh~Y(8h)h™1 3°h).

On the other hand,
(3.9) 8H = —e8(log h) — log .

It follows that we have an equation for 38 °(84). By the preceding corollary, |84|
and |8 log k| can be estimated by a function of m. Therefore, we have

(3.10)  198°(8R)|I s < 2¢™ 118l ellll 22 + Co(m)lRl| 2 + Cy(m).
Since the operator —d3° + I is invertible, we obtain
(3.11) 18115 < C(m)(118k1 3 l1kll 3o + Al T3 + 1).
On the other hand, by interpolation,
18RI132 < 118kl Lgl|8hl| 1,

for p large enough.
Since we have a bound on |84] and |A] in terms of m, we can substitute (3.11)
into (3.10) and apply Holder’s inequality to provide a proof of (3.7).

COROLLARY 3.2. If there exists a one-parameter solution to L(h,) = 0 in an
interval (eg, €)) such that |log h,| < m uniformly in e, then

ladie < Co(m)(hgllre + 1),

Jor all & in (&, €]
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Proof: Let f(e) = ||4,|| .. Then the proposition gives an inequality:
(312) 177(e)l s C(m)(f(e) +1).
The corollary follows by integrating this inequality.
By Lemma 2.4 and Corollary 2.1, we have then proved the following:
THEOREM 3.1. There exists a solution to the equation L (h) = 0 for all € > 0.
Moreover, if [y|log h,|* stays bounded for £ — 0, then there exists a solution in an
interval in (—¢gg, 00) for some gy > 0.

For later purpose, we shall need

PROPOSITION 3.3. If h solves L _h = 0, and F, is the full curvature tensor for
the connection associated with h, then

J)EG < [IRP,

where F, is the full curvature tensor of the base metric.

Proof: We have

(3.13) SR = [IFi;= [JHol* = [jH.

Since H + elogh = 0,
(3.14) |H|? = tr(hHh'H*) = tt( HH*) = |H|*.
Therefore we need to show
2 2
(3.15) fX|H0| > fX|H| :

But

/(Ho - H HY= —-af (log h, 3(h~1 3°K))
X X
(3.16)
= (8% h, k™1 9%) 2 0,
X

and (3.15) follows by the Schwartz inequality.
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4. Proof of the Theorem

In order to prove the theorem, we have to prove that if #, does not converge,
we can produce a subsheaf of E which violates the condition of stability. The
subsheaf will be a subbundle outside a closed subvariety of codimension greater
than or equal to 2.

The base Hermitian metric allows us to identify a subbundle of E with the
Hermitian projection onto that subbundle. Hence it will be a section of End E
given by 7 so that 72 = 7 = #*. The holomorphic condition can be identified as

(4.1) (I-m)dnr=0.

This is easily seen to be equivalent to the fact that, for any section f of the
subbundle, df is still in the subbundle.

Hence we define a weakly holomorphic subbundle to be a section 7 €
L3(E, E) such that

(4.2) nt=a=na*  (I-=)dnr=0.

We shall prove that =« is actually smooth outside a subvariety of complex
codimension greater than or equal to 2 and that it defines a coherent holomor-
phic subsheaf of E. We shall also prove that if 4, does not converge, we can
normalize in a suitable way and obtain a subsequence converging to such a
weakly holomorphic subbundle of E.

We shall use the following lemmas:

LEMMA 41. For 0 <o £ 1 and L .(h) = 0, we have
(4.3) A% %R%2 + e(u, k) — ~Alh%| < —(HO, b,
where h° = e,

Proof: From (L h, h°) = 0 we obtain
(4.4)  (h71 3%, 0%°) + e(u, h°) — 9(h~ 3%, h°) = —(H,, h°).

By computation,

(4.5) FCh 3%, koY = L 3(e"MaN)) = %’—A -(Ze%),
J J
(h~' 3%, 3°%°) = aZe""/w}\j]z + Y (AR (eMN = 1) (e — e™V)
J k#j
(4.6) > UZZe""I‘]a}\jIZ + Y |4k Zem M (%N - e")‘*)2
J k#*j
= lh—a/2aoha|2.
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Note that we use the following elementary inequality:
(e* — 1)(e™*o* — e} = e (e* — 1)(e™* — 1)
4.7 2 eMe™ — 1)
- e—u?\(eap+o>\ _ eax)2’

where 0 <0 <1, A is arbitrary. In the application, we set A=A, and p =
A AL
J k

PROPOSITION 4.1.  Suppose that Tim, _, , [y|log h|* = co. Then there exists a
subsequence ¢, > 0 and a normalizing constant p, — 0 such that, in L3,

hy=ph(g) s 1 (as a metric),
(4.8)
hy=ph(e)=h, # 0.

Finally, 1 — lim, _, (h3 represents a weakly holomorphic subbundle.

Proof: Let p(e) = exp{ —M(¢)}, where M(e) is the maximum of the largest
eigenvalue of log 4(¢). Clearly, since trlog h(e) = 0, M(¢) has the same order as
m(€).

Then p(e)h(e) < I. From Lemma 4.1 and Lemma 2.4 we have

(4.9) ~ Alh(e)] 5 2max|H°| h(e)]

By applying the maximum principle, we can estimate max, p(e)|h(g)| in
terms of ( [y|p(£)h(&)|*)'/2. Therefore, [y|p(e)h(e)|? is bounded from below by
a constant independent of e. This guarantees that any weak LZlimit of any
subsequence of p(e)k(¢) is nontrivial (as it implies strong convergence in L?).

In Lemma 4.1, we can replace & by ph and hence obtain, for 6 = 1,

J1d(p(e)n(e)P* =2 12°(o(e) (e))1?
(410) < 2[)(p()r(e) 2% (p(IR(N?

< 4m)z(1x|H°|vol(X).

Therefore, for some subsequence of ¢, > 0, p, = p(g;) — 0 and h, = p,h,(¢,) has
a non-zero weak limit 4.
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The same argument as in (4.10) also shows that [,|dh{|? is bounded by
2 max y|Hvol( X). By taking a diagonal process, we can assume that h¢ con-
verges to hl almost everywhere and hence h] converges weakly to A2 in L2

The umform bound on the L2-norm of A} gives the same bound on A2, for all
o. It then follows that I — hZ has a weak limit in L? for some subsequence
o — 0. We call the limit 7.

It is easy to show that = = #* = 72 almost everywhere. It remains to prove
the holomorphic condition. Note that #(I — #) = 0 as a distribution; so

(I—a)dm|>=3(1 - n)m|?> = |2d°(I — =)
In order to show that the later quantity is zero, we notice that, for 0 < A < 1,

2s+ a0

(4.11) Az S=—(1-X)z20.
Hence,
(4.12) prorry BY 2"(1 1)

It follows from Lemma 4.1 and this inequality that

— B 01,02 a/290 2
ST =) 3% (2+o)f|h 23|

(4.13)
s 2
(5 st
Hence for I - oo, we have
s 2
(4.14) fx|(1 ~ 1) 0% < (5555 ) max|Hol.

If we first let s — 0 and then 0 — 0, we obtain

(4.15) fx|m9°(1—ﬂ)|2=0

In the next sections we shall show that 7 represents a holomorphic subsheaf
F of E. Here we derive some information about F.

LemMa 4.2. 0 <rank F <rank E.
Proof: By Section 3, we can assume p, — 0. Since trlog h(¢,) = O, at least

one eigenvalue of h, = p,h(g;) is smaller than p, Therefore, h_ has at least a
one-dimensional kernel and 0 < rank 4 < rank E.
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The lemma follows from the fact that

rank i = rank E — rank F.

PROPOSITION 4.2. [C,(F)]/rank F > [C,(E)]/rank E.

Proof: We compute via the Chern-Weil formula. Since the regular points of
F are the complements of a complex variety of codimension two, the singular set
cannot affect the computation of C,. In other words, [C,(F)] = [C,(F|regular
points)]. We have the usual formula

20[C(F)] = [ g (F)uw E(F)
(4.16)
= [ gBu( F2(E)7w) — [|n+0°n|?,
JgPulBE)7) = [1ma°
where Fa%(F ) is the curvature of the connection included by the base metric on
the regular point of F C E, w: E — F is the Hermitian projection on the regular

points of F in this metric and #43%: F — F* is the second fundamental form.
Note that 7% = 0. Therefore, 749 % = 3 %. Now,

fxg“Etr(Faﬁw) = fxtr((Ho + pl)w)

(4.17)

KF
= fxtr(Ho'rr) + e g2rla(E)].

Proposition 4.2 follows from (4.15), (4.16) and the following inequality:
0,2
(4.18) /Xtr(Ho'tr) > fx|a 71 ,

which can be proved as follows:
Since 7 = lim__ o lim,_, (I — h9) weakly in L? and [, tr H, = 0, we have

(4.19) fxtr(Hovr) = — lim lim [ u(Hyh).

0—0 /-0

If H is the Hermitian-Yang-Mills tensor associated with the metric h(g,) = h,/p,,
then H, = —e¢log h(e,) and

(4.20) H/=Hy— 3(h;*d%,).
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Therefore,

—fxtr(HOh;’) = —fxtr(H,h;’) - fxtr(é(h,—la‘)h,)h;’)

= ¢ f tr(log h(e,)h3) + [(h7t 8%, 3°Kg).

As triog h(e)) = 0 and h{ = pfhi(¢))), tr(log h(g)h7) > 0. Therefore, as in
Proposition 4.1,

(4.21) - fxtr(HOh}’) > fx<a°h;’, 3%9).

The inequality (4.17) now follows from (4.19), (4.10) and the lower semicon-
tinuity

j|a%|2 < lim f|a°h;’|2.
X o—0
[— 00
THEOREM 4.1 (Main Theorem). If E is a stable holomorphic vector bundle
over a compact Kihler manifold X, then E admits a Hermitian-Yang-Mills connec-
tion.

Proof: By the results of Section 3, there exists a solution & = h(e) to the
equation H = elog h for ¢ > 0. Furthermore, if [yflog #|? has an upper bound
independent of ¢, then h(e) converges to a smooth Hermitian-Yang-Mills con-
nection as ¢ — 0.

If [,llog h|> does not remain bounded, then Proposition 4.1 gives a weakly
holomorphic subbundle = which represents a subsheaf of rank strictly between
zero and rank E. Proposition 4.1 shows that it violates the stability condition.

APPENDIX. For later purposes it may be desirable to know more precisely
the behavior of h_ when ¢ — 0. This can be described in the following theorem
for which we give a semi-rigorous proof.

THEOREM 4.2. Assume that h(e) solves H + elogh = Q0 and that
lim, _,  [yllog h(e)|* dp. — 0. Then there exist a subsequence e(I) > 0 and a

€ — oC

8(1) = 0 in R™* such that in LX(L(E, E)) we have the weak convergence:
u, = 8()log h(e(1)) = u, # 0.

Moreover, we have u , expressed as a sum:

J
Uy = X a;m;,
j=1
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HERMITIAN-YANG-MILLS CONNECTIONS S279

where J 2 2,a;> a;_,, and m; are weak projections satisfying mm, = 8w and

LI_im = L. In addition, X, «m; is weakly holomorphic for k = 1,2, - -, J.

Proof: Choose 8(¢) to normalize log h(¢):
Jiul? = 8(e)* [ flog ()1 = 1.
X X
By Corollary 2.2 and Proposition 2.3, if m(e) = max , log|h(e)| we have both
(4.22) m(e) < e7" max|H,
and
m(e) < CO((S(E)_I + m;x|H0|).
It follows that

fluel%" < 8(e)’m(e)’vol X

X

(4.23)

2

< Cvol X(l + 8(e)m)a(1x|H0|)

By Lemma 2.4 and this inequality we have the additional inequality (assume
m(¢) is large):

f|a°ue|2w" = 82(£)f13010g h{e)|%w"
X X

=< m(E)ZS(E)Zm;XlHOI(l _ e_m(e))—l

2
<2C3(1+8(e) m}a{tleo|) max| H,|.

This bounds u, = 8(e)log h(e) in LI(L(E, E)). Because L3(L(E, E)) is weakly
compact, and lim 8(e) — 0, we can pick ¢, € [1,0), ¢, > 0 such that §, = 8(¢;) -
0 and u, = u, = 8(¢/)log h(e;) = u,, in L.

Suppose for the moment we are on an open set X, C X in which the
eigenspaces of u, are of constant rank:

J J
U, = Z 7\1,1%,1= Z 8(61)7\1,,'771,1,
j=1

Jj=1
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5280 K. UHLENBECK AND S. T. YAU
where )\ = 8(e)A, ; are the normalized eigenvalues. By another application of
the proof of 2.9),

2
f [8°X, 1* < m(e,)" max|H,)|.
X, X
Thus, for the normalized eigenvalues,
[ 189, %" < p(e)’m(e,)" max|Ho| = 0.
Xp ’ X

It follows that, as / — oo, the eigenvalues of u, become constant on X,. A
global version on X states that all the symmetric functions of the eigenvalues of
u, approach constants as / = co. Hence the symmetric functions of the eigenval-
ues of u_, and the eigenvalues themselves are constant a.e.

Furthermore, on X; C X we have, from (2.2) and (2.3),

Jjarirer =D, =X, ) 5 2max| ),

where |4{%)2 = K3°V,V, 3> =KV, d,V, >; On the subset X,C X, },,
So, glventhat'o‘ -0, AI,>>>\,(, Then(e A RV W W
We conclude that

fxlﬂ"”(gﬂf”)lz(}‘hl - 3‘k,l)z""’n - fXIAj’klz(j\j,l - 5\k,l)zo.)" -0,

1 1

in case kK > j. Since A, , — A, , = a; — a, < 0 we see that, for m, = lim,_, ,m ,,

fim(3m) e =0,
X

for k > j. This argument is made completely rigorous by approximating X, _ 7,
by the sequence ¢,{(u,), where ¢, R > R, ¢, (A) =1forA <a,+8,¢,(A)=0
for A > a,,, — 8. We approximate ¥, ,m; by *q,(u), where *q,(A)¢,(A) =0,

qk(A) 0 for A g£a,+ 86, and *¢,(A\) =1 for A > ak+1 — 8. Then one shows
from the same inequalities that *g,(u,) — qk(u ) > & in L3, ¢,(u)) -
L, umin L}, and [xI(*q(u)3(*q(u )%

5. Estimates from Yang-Mills Theory

We use the equation H + elog h = ( as an approximation to the equation
H = 0, a special case of the Yang-Mills equation. A bound on max ,|H| will lead
us to further useful estimates.
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LemMMma 5.1. For e >0, the Hermitian-Yang-Mills tensor H = H(h(e))
satisfies (in the base norm)

|W'/2Hh 12| = |H| £ max|H,).
X

Proof: Since H = —elog h, we see luckily that #/2Hh~'/2 = H, and a max
bound on | log A is required. From Corollary 2.2,

Jog A < e max|Hy|
as required.

We will be able to see directly that, even as h, diverges, the associated
connections converge on a dense open set as unitary connections, not as holomor-
phic connections. In one complex dimension, the compactness theorem implies
that this convergence is on all of X (see [27]), in two complex dimensions it is
known to be valid on the complement of a finite set of points (see [9]). We change
our point of view and regard the holomorphic connection {32, 32 + A~ 92k} as
a unitary connection, and extend the results which are known in complex
one-and two-dimensional spaces to arbitrary dimension.

The metric for which the new connection is unitary is 2. Any GL(r, C) gauge
change v for which 4 = (vv*)~! will transform h into the base metric. The
unitary gauge group freedom lies in the arbitrariness of the choice of v. The
possibilities for v are v = wh~1/2, where u is an element of the unitary gauge
group. If one were to choose a global canonical v, presumably it would be #~1/2,
Some of the estimates in Section 2 exploit this gauge change in a non-explicit
fashion. Let us agree to make this gauge change, so that in the canonical unitary
gauge

D,=032+ A, =082+ n%0n/2,
D=3+ A;= 32+ h/92h"172,

H = h'/?Hh™1/2,

Certainly one reason for the success of our technical method is that the norm of
the Hermitian-Yang-Mills tensor is not affected by this change. Of course, all our
estimates are completely gauge-invariant. It is only necessary to choose the
gauges consistently.

The main result we shall use from gauge field theory is an a priori estimate
for holomorphic connections where a bound on the Hermitian-Yang-Mills tensor
is known. This is a class of a priori estimates, which are proved via a scaling
inequality and a geometry of X. Balls of radius o, should be nearly Euclidian.
The number K depends on the group, in this case on U(r). Recall that the bundle
being holomorphic means the (2,0) and hence (0,2) part of the curvature
vanishes.
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S282 K. UHLENBECK AND S. T. YAU

THEOREM 5.1 (Uhlenbeck {28)]). Let E — X be a rank r vector bundle over a
compact Kdhler manifold X (complex dimension n, real dimension 2n). Given
n < p < oo, there exist 6,> 0, K> 0, and C,; < oo such that if 3% is a unitary
holomorphic connection in E and

(a) max y|H| < K?,
(b) 04_2".[8(x,y)54u’Flzw" < KZ!
(¢) o < min(op, K),

then

p/2
|F|2) + o?"max|H|*.
X

|F|P" < cla@-m"(f
8(x,y)=40

‘/;(x. y)<lo
Here we have set H = g""§ F,g with no pl factor.

As given, this is not the estimate we need. Part of the proof of the above
theorem uses the existence of “good gauges”.

COROLLARY 5.1; see [27). Under the hypothesis of Theorem 5.1, we have the
existence of a (unitary) local trivialization in B, (y) such that E[B, (y) = B,,(»)
XCVN, D=d+ A, and

f lgrad A|? + o‘*"f [4)7 < sz |F|?.
8(x,y)<20 8(x,y)g20 8(x,y)g20
How does this lead to an estimate on h? Recall our discussion on the
equivalence of holomorphic and unitary approaches.

PROPOSITION 5.1.  Suppose the connection d* arises from the connection 3°
via the metric h. Normalize the metric h so that h < I. Then under the hypothesis of
Theorem 5.1, in B,,(y) we have h = vv*, where A, satisfies the estimates of
Corollary 5.3 and

% =vA,.

Moreover,
f (8°)2hiPw™ + a—Pf 8% |Pw"
8

(x,y)seo d(x,y)<0o

<G [0(2—p)n(/
8

Proof: The terms in ¢ are scaling constants. We assume the ball is the unit
ball and the Kihler metric nearly flat. Moreover, the original connection was C®
and smooth. The constant C, will depend on 9°.

p/2
|F|? + 0% max|H|? + 1].
(x,y)s2a X
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Apply Theorem 5.1 and Corollary 5.1 to the connection 92 + A~1/2 320172,
32 + h*/* 32h~'/2. Since an arbitrary gauge change for the unitary connection is
u, we have v=13% = A, for h'/?u = v, where A, is the difference between the
original connection d° and the form for which the estimates in Corollary 5.1 are
valid. However, the original connection is uniformly smooth and we have these
same estimates for 4,. Elliptic estimates transfer the L{-estimates on 4, in a
ball to those on the Ly-norm of 4 in a ball of half the radius.

We state without proof the following convergence theorem. The argument
concerning the cover of X follows that of Sedlacek [23] for real dimension four.
The global gauge transformations are constructed in Donaldson [10] and
Uhlenbeck [27]. The assumption of compactness made there is not necessary, as
it can be replaced by a cover which is the finite union of covers made up of
disjoint balls. The theorem describes the limiting behavior of our equation
H + elog h = 0, or of the heat equation.

THEOREM 5.2. Let E — X be a Hermitian vector bundle over a Kihler
manifold X and D, a sequence of holomorphic connections such that

(@) /[xIF(D)|* < B,
(b) max ,|H(D))| £ K.

Then there exists a subsequence D, and a closed singular set of finite Hausdorf
dimension 2n — 4 such that D,|X — | is gauge equivalent to a sequence of
connections which converges (weakly) in L{ oc( X — &) to an L{ loc holomorphic
connection on X — &.

COROLLARY 5.2. Let E be the Hermitian vector bundle associated to E and the
base metric, and B be the holomorphic, unitary connections in E which are
GL(r, C) equivalent to those constructed from the metric solutions to H + elog h =
0. Then there exists a subsequence D, and a singular set of finite Hausdorf
dimension 2n — 4 such that D,. are gauge equivalent to a sequence which converges
inL{ on X — . Moreover, w = I — lim__, lim,_, h° is meromorphicon X — &.

Proof: By Lemma 5.1, max 4| H| is bounded, and by Proposition 3.3, [y|F|?
is bounded, so we can apply the theorem. The regularity of A4, is sufficient to
show that the cokernel is meromorphic.

THEOREM 5.3. The projection @ constructed in Corollary 5.2 represents a
holomorphic subsheaf of E.

Proof: We need only show that the singularities of real codimension 2n — 4
are actually the singularities of a meromorphic function (see [24]) and that a
meromorphic function from X into a Grassmannian pulls back the canonical
vector bundle to a coherent, reflexive sheaf. This is a much simpler version of the
discussion in Section 7 and we refer the reader to that.

As a biproduct of our theory, we have a result concerning the compactness of
the space of Hermitian-Yang-Mills connections in E — X. Since these pa-
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S284 K. UHLENBECK AND §. T. YAU

rameterize the stable holomorphic bundles & which are topologically E, this
result should relate other methods of compactifying the space of stable bundles.
We conjecture that the limit object has a natural structure as a sheaf, although
even for complex surfaces the actual construction of the sheaf is unclear.

THEOREM 5.4. Let D, be a sequence of holomorphic Hermitian-Yang-Mills
connections in a Hermitian vector bundle E over a compact Kihler manifold X. Then
there exists a gauge equivalent subsequence D, and a closed set & of (real)
Hausdorf dimension 2n — 4 such that D)|X — %} —> D,. Here D is a holomor-
phic Hermitian-Yang-Mills connection in E|X — &|.

For complex surfaces, the removable singularities theorem shows that D
completes to a holomorphic Hermitian-Yang-Mills connection in E_. However,
E_ is topologically different from E if ¥# @ in that at every point in % at

which the convergence fails, of necessity integral multiples of C, are absorbed,
and the second Chern class of the bundle E_ is smaller than that of E.

6. Regularity of Weakly Holomorphic Maps

The purpose of this section is to prove that a weakly holomorphic map into
an algebraic manifold is meromorphic. This will be used in the next section to
show the regularity of the subsheaf #. To be precise, let us first define a weakly
holomorphic map from the ball B C C" into an algebraic manifold M. We
assume that M is isometrically embedded in CPX which is embedded in some
Euclidian space R”. The map F: B > M C R" is then a vector-valued map and
it makes sense to say that it is L2. By definition, this means that there is a
sequence of smooth maps F, from B into R" so that both F, and dF, converge in
L?(B) and that lim, , _F, = F. As usual, we define dF to be lim,_,  dF..

When n = 1, we define F to be weakly holomorphic if it is L} and, for almost
every point x in B, dF sends the holomorphic tangent space of CT, (B) into the
holomorphic tangent space at F(x) of CT,,(M). Note that this makes sense
because for almost every point x in B, dF sends the tangent space of B to the
tangent space of M. (In fact, in this case, F; can be assumed to have the image in
M (see [21))).

When n > 1, we call F weakly holomorphic if for any linear holomorphic
coordinate system {z,,-- -, z,} on B and for almost every point { z,," - -, z,,}, the
restrictions of F to each complex line in the z, variable is weakly holomorphic.

THEOREM 6.1. Any weakly holomorphic map into an algebraic manifold is
meromorphic.

Proof: First of all, we prove the theorem when n = 1.! It is clear that we
have only to prove the continuity of F.

M. Gruter, Regularity of weak H-surface, J. Reine Angew. Math., 329, 1981, pp. 1-15.
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Let x € B be any point. Let B, (r) be the balls of radius  around x and
E_(r) the energy of F over B (r). Then we want to prove that, for some a > 0,
E_(r)r=% is bounded as x varies in a compact set of B. The continuity of F will
then follow from Morrey’s lemma; see [16].

Clearly, we can assume that r is small and B (r) C B. As the total energy is
bounded, it suffices to prove the differential inequality

-1
d(r Er) - _1@ _ I'_zErg 0.

dr dr

Therefore, E (r) < rdE/ dr. If the image of the circle of radius r is large, then
[&"|dF/ d08)* d8 < rdE/ dr is large and the inequality is obvious. Hence we can
assume that the length of these curves is uniformly small.

When the length of the image of the circle of radius r is small, it lies in a
coordinate chart of M. One can solve the Plateau problem for this curve within
this coordinate chart. By the isoperimetric inequality for minimal surfaces, we
know that the area of this minimal surface is dominated by the square of the
length of the curve. Hence the curve bounds the images of two different disks. In
particular, we have a map of the sphere into M. (The map F on B (r) is not a
priori continuous. We simply approximate F in L2-norm by a smooth map into
M. This is possible because n =1 (see [22]).) We claim that this map is
homotopically trivial.

In fact, by using the uniformization theorem, we may assume that the above
map is conformal. In this case, area is the same as energy. Hence the total energy
of this map is not greater than E (r) plus some multiple of the square of the
length of the image circle of radius r. Hence by choosing r small enough, the
total energy of the map from the sphere is less than some fixed constant. As was
proved in Sacks-Uhlenbeck [20], this constant can be chosen so that the map
must be homotopically trivial.

Let & be the Kihler form on M. Then, using the Wirtinger inequality and
dS = 0, we can prove that fp ., F*Q is not greater than the area of the minimal
surface constructed above. In particular, the isoperimetric inequality shows that
I8,y F*$ is not greater than some constant times the square of the length of
F(9B,(r)).

To prove our differential inequality, it suffices to prove that f BX(,)F *Q is
E_(r). Actually, at this moment, F is only a smooth map which approximates the
original F in the L2-map. In general, for smooth maps F,

Lx(r)ﬁ*ﬂ - ’/;3,‘(')“”.5|2 - '/;L(f)lgFP.

We claim that when F is close enough to our map F in L3-norm, f BX(,)IT" * is
close to E. (r).

In fact, given any small ¢ > 0, we can assume that F(x) is e-close to F(x) for
x outside a set where the energy of F is smaller than e. For any two points »
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and y, in M which has distance less than &, we can identify the tangent space of
M at y, and y, by parallel transportation in M along the shortest geodesic
jomning y, and y,. For each point y in M, let P, be the projection from the
complexified tangent space of RY at y to the holomorphic tangent space of M at
- In this terminology, |(F )(x)| is equal to | Pg,,Fy(3/3Z)|. By assumption, this
is close to | Py, Fy(8/3Z)|in L*-topology. 3

Outside a set where the energy of F is small, the L%norm of | PrexyFa(8/02)|
is not greater than the L*-norm | PpxyFa(d/9Z)| plus a small multiple of the
L*norm of |F,(3/9dz)|. Therefore, the L2-norm of |dF| is not greater than a
small constant plus the Lz-norrg of |dF|. Since dF = 0 almost everywhere, we
conclude that the L*norm of |dF|is small.

A similar reasoning shows that the L%-norm of |3F|is close to the L*norm of
|dF|. Hence [F*Q is close to the energy of F and we have proved our claim.

This claim implies the continuity of F and proves the theorem for » = 1. For
n > 1, we proceed as follows.

Since an algebraic manifold is a submanifold of CP", we assume that
M = CP" By writing CP" as C” union the plane at infinity, we can write
F = (f1,---, f,), where we allow the f; to have values at infinity. Hence Theorem
6.1 can be reduced to the following theorem which is of independent interest.
(Clearly the theorem can be generalized to C" with n > 2.)

THEOREM 6.2. Let f be a measurable function defined on the unit polydisk
D X D in C2% Suppose that, for some set E of measure zero in D X D, the
restriction of f to D X D\ E satisfies the following property. For almost every
z, f(z, w) can be extended to be a meromorphic function of w. Similarly, for almost
every w, f(z, w) can be extended to be a meromorphic function of z. Then f is equal
to a meromorphic function almost everywhere.

First of all, we can assume that, for almost every z, f(z, w) is a meromorphic
function of w.

LEMMA 6.1. Let E C D X D be a subset with measure zero. Then there exists
a sequence {z;} € D and a subset G of D such that u(G) = u(D), where p. is the
standard measure on D, ({z;,} X GYNE = @ andz;, > € Dasi > + .

Proof: Since u(E) = 0, one can find a full measure subset F of D such that,
forall zC F, u((z X DYN E) = 0.

We choose a sequence {z;} C F such that z; » } as i > +o0. If we set
G =D\ UL (z; X D)N E), then p(G) = p(D)and (z; X G) N E = &.

By assurgption, there is, in case n = 1, an f on D X D such that, for almost
allw € D, f(-, w)is a meromorphic function of z and E = {x € B|f(x) # f(x))
has measure zero.

Now we choose z; as in Lemma 6.1; then, for almost all w € D and for all i,

F(zi,w) = f(z,, w).
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Taking

fi(z,w) = Zf(z,,W) H(z—zk)(z 27

j=1 k#j

we obtain a sequence of meromorphic functions f,(z, w), such that f(z;, w) =
f(z;,w) for 1 <j < i. Now we claim that we can assume that both f; and 1/,
are in L” for all p < 2, and the L?-norms are uniformly bounded.

To see this, we notice that for any measurable function f, the integral
Jiay<1lf — al"? dada is bounded independent of f. Therefore, we can apply
Fubini’s theorem to conclude that the double integral

[l<1('{|<14‘ |<1|fi(Z,W) —a|PdzANdZANdwA dwldan da

is bounded uniformly. Then we can find a, and b, so that |a,| < §, |6, — 3| £ 4,
and both (f,—a;)"! and (f, — b))} are L7 integrable for 1 <p <2, the
L?-norms are bounded independently of i. Let g, =1+ (a, — b)) (f, — a,)”},
then the L?-norms of both g; and g; ! have a uniform upper bound. It is clear
that { g} satisfies all the hypothesis for { f;}. Therefore we can assume that both
g, and g ! are LP-integrable for all p <2 and the LP-norms are uniformly
bounded.

LEMMA 6.2. Let ¢ be a meromorphic function defined on the unit disk
D = {|z| < 1). Then there exists a constant C independent of ¢, such that

IA

———3¢A 9% ( 2 2 2 -12
<C log*(1 + [¢|°) + log“(1 + [¢ +1
flzl<3/4(1+|¢|2)2 [ llog* @ +101%) + log™(1 +6711)]

Proof: Since
92 dd A 3¢
———_-10 1 + ¢ 2y . r Y
dz 0z 8(1 + Io1%) (1 +|¢|2)2

is a linear combination of the 8 functions at the poles of ¢,

99N TP
1+ 9¢2)°

where p is a smooth function with compact support in |z| < 1, and equal to 1 on
|z] < 3. In the following, we denote by C a constant independent of ¢.

92
2llog ™' (1 + |9]%) 5,7z log(1 +[9]%) — log™'(1 + |9|?) =0,

Jz]<1
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Integrating by part, we obtain

-2 |z|<1p log=}(1 + |¢]%) 9p A 3 log(1 + |9|?)
)I¢|2 3¢ A 3¢

+ log"2(1 + [¢|?
flz|<1p (1 +1¢l (1 +1¢?)?

_ ¢ A 3¢
- Nog (1 + |¢)}) ——— =
<t ( | )(1 +1912)

Clearly the same equations hold if we replace ¢ by ¢~'. Summing the two
equations, we obtain

_ dp A d¢ _ @ 1dp AT
-2 log (1 + Jo2) 2LLL® 5 log=}(1 + ¢ 2) LT
I I P s
+ /| I<1pz[f<:>tzlog‘2(1 +1¢]%) = log (1 + ]2)
_ _ _ - _ o A Jo
+ 1671 2log 72 (1 + 167 12) — log ™ (1 + ¢ Y?)] ————25 =
(1 +|¢1?)*

Let h(t) = Ltlog %1 + t) when ¢ > 1 and A(¢) = 3¢ log %(1 + ¢ ') when
t < 1. Then

|#1%log™*(1 + ¢17) — log™!(1 + [91?) + [¢~*log *(1 +{o7'?)
—log (1 +1671?) 2 h(161%).
Therefore, applying the Schwartz inequality to the previous equation, we find

3o A Jo
[ (o) 2022
lz1<1 (1 +191%)

96 AT |2
<4 h(|19)?) ——=
= (fm«” (e )(1+|¢|2)2)

X (fl|<1le|211(|¢|2)‘1(|¢|2log‘2(1 +19/2)

1/2
+o ?log™2(1 + |¢‘1|2))) :
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By direct computation we obtain
R(1612) " (16°og (1 + [8]?) + |67 2log (1 + o71%))
< C(1 + log?(1 + |¢|2) + log?(1 + [¢7Y2)).
Since (|¢]%) = C > 0, we conclude that

do A 3o
JoasnTrsrony

éc 1+1021+¢2 +1021+ ¢—1|2 .
As3/4 (1 + |f7)° [ 2+ 1o8*(1+ 101%) + 1og?(1 + 197)]

COROLLARY 6.1 ff|z|§3/4,gw;§3/4fvfi12/(1 +1£1)? < C, where C is inde-
pendent of f,.

Proof: Applying Lemma 6.2 to f(z, -) for all z € D, we have

'HWfL—'_A Ol 2 2 2 —~1)2
<C 1+1 1 12} + 1 1 - ]
‘[w|§3/4 (1 + |f;|2)2 s -/|.w|<1( + log ( + £ ) og ( + /7Y ))

Therefore,

v VAP , , , »
f'/|;|<1 (1 + |f,|2)2 sC ,/';I<1(l + log (1 + £ ) + log (1 + |7 ))

lwls3/4 jw|<1

Similarly, if we replace f by f, we get

ff\zlgs/ct(lﬂf:lz)z =C fmq(lﬂog (1 +171%) + log2(1 + (747))

[wl<1 [wl<1

but f,=f, ae, and f,, f7! are uniformly L”-bounded for 1 < p < 2,

[ VAP _
els3/a (1 +1£)2)°

Iwj<3/4

Now we consider the graphs of f; as subsets of D X D X CP!; then the
above corollary implies that, over each compact subset of D X D, the volumes of
the graphs are uniformly bounded, since the volume form of the graph of f; over
D X D is dominated by the Euclidean volume form of D X D plus

3f; A 3F;

———(dz A dZ + dw A dw).

Q+1P?)
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Therefore, by Bishop’s theorem [5], the graphs of [f;| converge to an analytic
subset 4 of D X D X CP!, Furthermore, for each (z, w) € D X D, the limit set
of { f(z,w)} is contained in 4 N ((z, w) X CP!). We choose a meromorphic
function 2 on D X D X CP! so that for each point x € (z, w) X CP! which is
not in the limit set A is holomorphic on (z,w)&€ D X D and h(A) =0,
h(x) # 0. Define h,(y) = h(y) — h(f,(2",w")), for y € (z,w’) X CP'; then

= 0 on the graph of f,. Now h,6 — h, h vanishes on A, but A(x) # 0, so
x €E A, ie., the limit set of { f,(z, w)} is just 4 N ((z, w) X CP'). Since the
projection of D X D x CP!onto D X D has degree one on the graph of each f,,
there exists an analytic subset S of codimension one in D X D such that
AN\ (S X CP) is a graph over D X D\ S. For each j, f(z;, w) = f(z;, w) for
i 2 j. The limit set of { f,(z;, w)} consists of only one point (z;, w; f(z;, w)), i.e,
(z;, w) € D° X DO\ S.

Hence, we conclude that there exists a meromorphic function g in D X D,
such that g(z;, w) = f(z;, w) for j > 1. Since, for almostall w € G C D, f(z, w)
is meromorphlc on z, and is equal to g(z, w) at infinite number of points { z,},
g(z, w) = f(z, w) for such w € G, ie., g(z, w) = f(z, w) a.e.

It follows that f is equal to a meromorphic function almost everywhere.
Theorem 6.2 is proved.

Remark. As was noted by B. Shiffman, a corollary of Theorem 6.2 is that
every closed locally rectifiable (1, 1) current is given by a holomorphic chain. This
statement was proved by R. Harvey and B. Shiffman in [12] with.the extra
assumption on the support of the current. More recently, Shiffman informed us
that he has a different method to demonstrate the statement.

7. Regularity of Weakly Holomorphic Subbundles

In this section, we describe another approach to prove the regularity of =
without using the estimate from Yang-Mills theory. In fact, we shall prove that
the weakly holomorphic subbundle defined in Section 4 is given by a holomor-
phic subsheaf. »

Given a holomorphic vector bundle E over a complex manifold M, we can
find an open cover {O;} of M so that E|O, is biholomorphic to O; X C" and the
transition transformations are given by holomorphic maps from O, N O; to
GL(r,C). A holomorphic subbundle of rank k& can be given as follows. For each
i, it is given by a holomorphic map f, from O, to G(r, k), the Grassmanian of &
planes in C". The map f; is equal to f; up to the automorphism of G(r, k)
induced from the transition transformations of the bundle £.

If £, is only rational, i.e., f; is defined outside a subvariety of codimension at
least two in U, then the set { f,} defines a coherent subsheaf of E. It can be seen
in the following way. Let U(k) be the universal bundle over G(r, k), F; be the
closure of the graph of f;. Let 7], 7} be the projections to the first and the second
factor, respectively. Then «i"U(k) is a k-bundle on F,, by the Gauert direct
image theorem, =%,(7."U(k)) is a coherent sheaf on O,, induced by £,. Obviously,
Tie(mi U(k)) and mf( ;" U(k)) are patched up on O, N O, by the automorphism
of G(r, k), since f; and f; are.

i
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A weakly holomorphic subbundle is given by a projection map «. The rank of
the projection is given by tr 7 which has to be an integer. Since tr is L2, it is
straightforward to show that the integer is in fact a constant almost everywhere.
Let tr# = k be this constant. Then, in each coordinate chart O, # induces a
mapping #; from a set of O; with full measure into G(r, k). We claim that the 7,
can be extended to be a rational mapping from O, to G(r, k). Without losing
generality, we may assume that n =2, O = O, = D X D, ## = #,, where D is the
unit disk in C1. As 7 is L2, for almost every z € D (respectively w € D), the
restriction of 7 to {z} X D (respectively to D X {w})is L}. Consider 7 to be a
mapping from D X D to the submanifold V, of End E consisting of all elements
with rank equal k. The well-known approximation theorem (see [22]) tells us that,
if m, =w{z} X D is L?, m, can be approximated by L3-bounded smooth map-
pings F;, from {z} X D into V,. As discussed in Sectlon 6, we see that
hm,w/om(l F)JF|* = 0. Define F,{z} X D - G(r, k) by F(z, w) = the
image F(z, w)(C ) € G(r, k). We claim that the limit of F gives a rational
extension of #, = #|, 4.

First of all, let us prove that the F are L2, and their L}-norms are uniformly
dominated by those of 7, and so are umformly bounded. We use the Pliicker
coordinate for G(r, k). Let e, €,,° " -, e, be any unitary frame field which spans
F,(C7") at any given point (z,w) € z X D, so that Fi(e;) = e, for j < k. Since F,
is continuous, F;(e;) A --- AF(e,) defines the plane in G(r, k) near (z, w) and,
at (z,w), |V[Fi(e) A - AF(e)]l is dominated by |dF| for any subset
{iy,---, i} of {1,2,-- n} This implies that the L}-norms of F are dominated
by those of F.

Secondly, we prove that lim, _, | . fo s|9F|% dw = 0. This follows from the
definition of F and

lim f (I - F)3F,|?dw = 0.
OxA ! !

i— + o0

In fact, let e,,-- -, e, be a holomorphic frame of C’, so that, at a given point
(z,w), F(e;) =e; for1 <j < k,and ey,- -, e, are orthogonal. One checks that

I[F(e) A -+ AE(e)]

k
PIRCIACH DI ACH W TR ACH
m=1

£ 3 (1R Ao AU~ E)IE(e) A -+ AE(e,)

tr(FIF) » Fi(e)) A -+ AF(ey)

+ X (=1 7'Fe)) A - A(I = F)IF(e;)) A -+ AF(ey).

T'M;v

1
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Therefore, |8F | is dominated by (I — F, )8F| and [tr( F,0F,)|, tr( F,0F,) converges
to tr(m,dm,) in L? and tr(m,dm,) = tr(dm,), 9 trw, = O since tr(m,) is constant
almost everywhere. We conclude that_[,Jtr(F; dF)|*dw > 0 as i > +00. On
the other hand, jzxA](I F)(’)F\2 dw - 0 as i > +oo, hence
lim 1—o+ooj0>(A,aFl dw =

Summing the above, we see that the limit of F, gives an extension of

= #|,xa> Which is weakly holomorphic. By the regulanty theorem of Section 6,

it follows that, for almost every z € D, #|,,, can be extended to be a
holomorphic mapping from {z} X D into G(r, k). Similarly, for almost every
w € D, #|p,, can be extended to be a holomorphic mapping from D X {w}
into G(r, k).

Now our claim follows from the regularity theorem of Section 6 for n = 2, so
does the main theorem.

8. Applications

Our main application is similar to a major application of the solution of the
Calabi conjecture: inequalities between Chern numbers of the tangent bundle
[31]. The same argument gives the following:

THEOREM 8.1. Let E be a stable holomorphic bundle over a compact n-dimen-
sional Kéhler manifold X with respect to the Kahler class w. Let r = rank E. Then
2rC(E)U " 22 (r + 1)C2 U "2 and the equality holds if and only if the
pull-back of E to the universal cover of X is a direct sum of Hermitian holomorphic
line bundles where the curvature forms of these line bundles are equal to each other.

COROLLARY 8.1. Let E be a stable holomorphic bundle over a compact Kiihler
manifold X. Then E is obtained from unitary representation of the fundamental
group of X if and only if C2U @" 2 =0 and C, U 0"~ % = 0.

Using the connection constructed in this paper, Cho, in his Harvard thesis [7],
computed the curvature of the Kihler metric on the moduli space of stable vector
bundles. He concluded that the holomorphic sectional curvature must be positive
if X is a curve. In particular, if the moduli space is non-singular and compact, it
must be simply connected.
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