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The Yang-Mills equations were introduced by theoretical physicists and are 
now accepted as a basic ingredient in particle theory. In the past decade these 
equations have become important in mathematics in two separate areas. It was 
observed early on that the twistor formalism of Penrose and the Atiyah-Singer 
index theory can be employed to good purpose in order to describe special 
solutions, called anti-selfdual solutions; see [29], [3]. Using techniques of alge- 
braic geometry, Atiyah-Drinfeld-Hitchin-Manin [2] were able to describe all such 
solutions over S4 (or W4) in terms of holomorphic bundles on CP3. More 
recently a simpler description using stable vector bundles was obtained by 
Donaldson [ 81. The techniques of partial differential equations were used by 
Taubes [25], [26] to construct solutions on arbitrary four-manifolds. These results 
and compactness theorems of the first author were incorporated into a general 
theory of Simon Donaldson to obtain beautiful and spectacular results on the 
differential structures on four-manifolds; see [lo]-[ll]. It is an observation dating 
essentially back to Yang’s formalism of using C instead of R that the Taubes 
solutions give rise to holomorphic vector bundles over Kiihler surfaces; see [30]. 

The theory of holomorphic vector bundles is central to algebraic geometry. 
The concept of a stable vector bundle was introduced by Mumford in h s  study 
of moduli for bundles [18]. This theme has been pursued by several mathemati- 
cians, notably Takemoto, Horrocks, Gieseker, Maruyama and Barth. An im- 
portant contribution was made by Bogomolov [4], who showed that, for a 
projective variety M with Pic ( M )  = Z and E a stable bundle on M ,  the 
inequality 

k - 1  ( c2 - T c : )  u 2 0 

is valid. Here k = rank E ,  c, and c2 are the first and second Chern classes, and w 
is a polarization for which E is stable. 

Bogomolov’s work inspired the work of Miyaoka [17] on the inequality 
3c, 2 c: for algebraic surfaces of general type. Independently, the second author 
also gave a proof of this inequality at the same time. While the methods of 
Miyaoka and Bogomolov are essentially based on algebraic geometry, the method 
of the second author used the techniques of partial differential equations to 
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S258 K.  UHLENBECK AND S. T. YAU 

construct a Kahler-Einstein metric in his solution of the Calabi conjecture in [31]. 
The Kahler-Einstein method has the advantage of giving insight into the equality 
case 3c ,  = c: as well as generalizing to arbitrary dimension. 

The Hermitian-Yang-Mills connection plays the same role for vector bundles 
as the K&ler-Einstein metric for complex manifolds. Historically, Calabi [6]  
based his conjectures on the same variational formalism used in Yang-Mills 
theory. He considered the L2-norm of the curvature of the metric and showed 
that under the appropriate assumptions the critial metrics must be Kahler- 
Einstein. The same reasoning leads from Y ang-Mills equations to Hermitian- 
Yang-Mills connections. Likewise, the existence of a Hermitian-Yang-Mills con- 
nection implies the Bogomolov inequality and strengthens the results by gving 
insight into the case of equality. 

The basic problem is then to demonstrate the existence of such connections in 
stable bundles. This was shown by Donaldson in [9] in the case when M is an 
algebraic surface. He uses properties of the restriction of the bundle to curves 
and the theory of secondary characteristic classes. It is difficult to generalize his 
method directly to higher-dimensional manifolds. These ideas are intertwined 
with the work of Atiyah-Bott [l] and the convexity of the moment map; see [13]. 
It is an ultimate goal to extend th s  entire sphere of ideas to higher dimensions 
than curves. 

In this paper we demonstrate the existence of a Hermitian-Yang-Mills con- 
nection in stable holomorphc bundles over any compact K;ihler manifold. The 
method is to perturb the equation and to study the limit of the perturbed 
equation as the perturbation parameter goes to zero. This reduces the problem to 
the regularity of a blow-up limit when there is no solution. We study this 
regularity uia two avenues: estimates for unitary (real) Yang-Mills type equations 
on the manifold as a real manifold. Alternatively, we reduce the problem to a 
regularity question for a weakly holomorphic map. Our solution generalized 
Hartog’s theorem in several variables in that we show that a measurable differen- 
tiable function of two complex variables which is separately meromorphic if one 
fixes almost every point in one variable is in fact meromorphic. As an appli- 
cation, one sees that any weakly holomorphic mapping from the polydisc into an 
algebraic manifold is in fact a rational mapping. It is very likely that it is also 
true for K&ler manifolds. 

Recently, B. Shiffman has also proved the assertion on meromorphic func- 
tions by a very different argument. He applied the assertion to study closed 
positive (1,l) currents. 

1. Preliminary Discussion 

Let E be a holomorphic vector bundle of rank r over a compact K&ler 
manifold X. For a Hermitian metric h along the fiber of E ,  the Hermitian 
connection D :  r( E )  -, r( T *X 8 E )  is characterized by the properties 

(i) d ( h ( s ,  t ) )  = h(Ds,  t )  + h ( s ,  D t ) ,  
(ii) D”s = as, where D” denotes the (0, l )  component of the connection D. 
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HERMITIAN-YANG-MILLS CONNECTIONS S259 

We shall often express D as d + A ,  where A E r(EndE Q T * X )  is the 
connection matrix. With respect to a local frame { e a } ,  A = ( A t ) l s a , B s n  is 
given by 

(1.1) A t  = ( dha, )h7B,  

where hap = h(eaeB) and ( h a p )  = (hap) - ' .  

End E @A ' T  *X. For a holomorphic vector bundle it reduces to 

(1 -2) F = $A = h-lgah + h-'ah A h-'$h. 

In particular, the Hermitian curvature forms of a holomorphic vector bundle are 
of type (1,l). 

Conversely, the integrability theorem of Newlander-Nirenberg implies that a 
complex vector bundle admits a holomorphic structure if there exists a U ( r )  
connection whose curvature is of type (1,l). 

Given a Kiihler metric g on X ,  we define an operation tr,: l?(End E 8 T,T,X) 
+ r(End E )  as follows. For a section F = (F!) E I'(End E 0 TlylM), 

- 

The curvature F = dA - A  A A of the Hermitian connection is a section of 

(1.3) 

where F! = F$z dzJA d,Tk. From now on we shall consistently use 1 5 a, p 5 r 
to indicate fiber indices and 1 sj ,  k 5 n to denote base indices. We shall also 
adopt the following convenient notation: 

DEFINITION. A holomorphic vector bundle of rank r over a compact K i l e r  
manifold ( X ,  g )  is Hermitian-Yang-Mills if there exists a Hermitian metric h for 
which the Hermitian curvature F satisfies: 

(1.5 ) tr,F = pI, 

where I is the identity endomorphism of E and p is a constant; in local 
coordinates: 

- 

(1 Sa)  gJkFB.- ai k = pa! for all 1 5 a, p 5 r .  

The Hermitian-Yang-Mills condition (1.5) can also be expressed by first 
lowering the indices using h,  i.e., 

Fh = ( F a S ) l j a , B s n '  
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S260 K. UHLENBECK AND S. T. YAU 

where 

( * )  F - =  as  F c l ' h y ~ .  

Now contract by g :  

Then (1.5) is equivalent to tr,Fh = p h ,  which is 

(1.6) C h , p g J L F 4 ,  = p h , s .  

If we take E = TX to be the holomorphic tangent bundle and h = g 
( h,D = gUp) then (1.6) becomes the familiar Kahler-Einstein condition 

(1.7) g,ggJkF,',-, = pg,p or Ric = p g .  
- 

The left-hand side is simply the Ricci curvature 
- F - = gJkF 

a@ a&k' 

The HermitiamEinstein factor p can be expressed in terms of invariants of E 
and X. The first Chern form C,( E )  = C,( E, h )  is given by 

If w is the K a e r  form given by ( i /2n)g j~  dzJ A & k ,  then 

C,( E) A w V - l  

( n  - I)! C , ( E )  A * w =  

= ( C h d g J z F  w" 
apj'jZ ) * 

Therefore by (1.6) we have 

C,( E )  A * w = p c h a p h  -- = p(rank E )  $ . 
?J! 

Integrating the above, we get 
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HERMITIAN-YANG-MILLS CONNECTIONS S261 

where 

(1.9) deg,E = / x C l ( E )  A *a. 

Notice that for any Hermitian metrics h and h’, we can find a function p 
such that 

/xICl( E, h ) - C,( E ,  h’)] A * w = / j a p  A * w = /xd( J p  A * w ) = 0 

because dw = 0 ( w  is a Kahler form). Thus deg,E (hence also p )  is independent 
of the Hermitian metric h (but does depend on a). 

From now on, we shall call P I -  tr,F the Hermitian-Yang-Mills tensor and 
denote it by H. 

For a coherent analytic subsheaf 3 of E, define 

C l ( g )  = C,(det %**), deg, = / C l ( 5 )  A * w  and p ( 5 )  = deg,s/rank 3. 
X 

DEFINITION. A holomorphic vector bundle E over a compact Kahler mani- 
fold (X, w )  is (semi)-stable if, for every coherent subsheaf 5 of lower rank, 
p(  8)  < p( E)(respectively 5). 

Remarks. 
(ii) F is reflexive if and only if g** = (%*)* = 3. A rank one reflexive 

(iii) A reflexive sheaf is locally free (i.e., a holomorphic vector bundle) outside 

(iv) It is enough (in the definition of stability) to consider only reflexive 

(i) 5* = Hom (S,0), where 0 is the structure sheaf of M .  

sheaf is a holomorphic line bundle. 

a subvariety of codimension greater than or equal to 2. 

subsheaves. 

One has the following: 

PROPOSITION (see [19]). A stable holomorphic vector bundle over a compact 
projective manifold is simple, i.e., dimJ(M, End E )  = l), namely holomorphic 
endomorphisms of E are of the form XId,, with X E C. 

The proof can be sketched as follows. By tensoring E with H k  for ap- 
propriate power of the hyperplane section bundle, p ( E  Q Hk) E { - r  + 1, 
- r  + 2,. . a, - l,O}, where r = rank E. Clearly, E Q H k  is stable if and only if 
E is stable and E Q Hk is simple if and only if E is simple. Now if E 63 Hk is 
not simple, the structure sheaf 0 is a subsheaf and p ( 0 )  = 0 2 p(E @ Hk). This 
will imply that E 8 Hk is not stable. 
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S262 K. UHLENBECK AND S. T. YAU 

It is very likely that the proposition also holds for compact Ka le r  manifolds. 
In any case, we shall assume simplicity is part of the definition of stability. 

With this definition, the main theorem of this paper is the following: 

THEOREM. A stable holomorphic vector bundle over a compact Kahler manifold 
admits a unique Hermitian- Yang-Mills connection. 

As we remarked in the introduction, this generalizes a result of Donaldson’s 
for complex algebraic surfaces. Donaldson uses a heat equation method, sec- 
ondary characteristic classes, a theorem on the restriction of stable bundles over 
surfaces to special curves, convergence of connections with L2-bounded curva- 
tures as unitary connections, and the removable singularities theorem for Yang- 
Mills equations over real four-manifolds. Our first approach was to try to either 
extend or simplify his method. It is not hard to see that solutions of the heat 
equation do exist for all time in any dimension, and one feels that their behavior 
as t + 00 is much the same in all dimensions. In fact, our a priori estimates in 
Section 5 do show convergence (as unitary connections) off a set of real 
codimension four. However, the theorem in algebraic geometry on restrictions to 
curves is missing. Even more serious from the analytic point of view, we know 
that there is no removable singularities theorem, since we may actually be 
obtaining sheaf solutions, or solutions which are of necessity singular on a 
complex submanifold of X of complex codimension two. The analysis of this 
limit has not been carried out, although we conjecture that there is a “removable 
singularities” theorem that constructs a sheaf from our limit which is singular off 
a set of real codimension four. 

Our approach is then of necessity different from that of Donaldson. We fix a 
base metric and its holomorphic structure on E and replace the heat equation by 
the one-parameter family of nonlinear elliptic equations 

(1 .lo) H = H ,  - g%-(h-’ B d f h )  = -Elogh. 

Here we think of E = e- ‘  as replacing the time parameter in the heat equation. 
Recall that H is the Hermitian-Yang-Mills tensor associated with h.  The term 
log h is only mysterious at first. Recall we have, point-wise over each point of X, 
two bilinear forms, the original metric and the new metric h .  Therefore, for any 
smooth function p: R +  + R we can talk about p ( h ) .  As long as h is smooth, so 
will be p ( h ) .  

We show that solutions always exist for 0 < E < 00, and persist to E = 0 
unless a certain very specific disaster happens to the bundle. Analytically, we 
detect this precisely in the form that, for --f 0, E/ + 0, 

J 

(Y(EJ)logh(EJ) + c ‘JTJ* 
J - + O  J = 1  

Here the aj are positive constants and rj is the possibly singular orthogonal 
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HERMITIAN-YANG-MILLS CONNECTIONS S263 

projection on the regular points of a subsheaf E, c E of rank less than E .  
Moreover, El c E,  c . . c E, provides a filtration, rank EJP1 < rank El. 
Because of the relationship between the Hermitian-Yang-Mills tensor of E and 
this filtration, as well as the near orthogonal decomposition (which makes the 
second fundamental form small) we find 

C l ( E j )  U o”-l C,( E k )  U 
rank Ej rank E ,  

for all j 2 k 2 m. This of course violates the stability condition. This behavior 
intuitively corresponds to what happens to unstable bundles under one-parame- 
ter subgroups as described by Atiyah and Bott [l]. 

The technical part of the proof is quite straightforward except for one point. 
We obtain the E, as “holomorphic” in a very weak sense from a weak con- 
vergence argument. Obtaining enough regularity to describe the E, as sheaves is 
more difficult. We have two completely different solutions to this difficulty. One 
uses estimates for connections and curvatures in the holomorphic bundles 
considered only as unitary bundles which gives enough regularity to insure 
smooth convergence off a set of real Hausdorf dimension four. The second 
independent method is a direct proof of a regularity theorem for T,, which 
amounts to showing that a L:-weakly holomorphic map into a projective variety 
is actually meromorphic. 

2. Existence of Solutions to the Perturbed Equations 

Let E be a holomorphic vector bundle over a compact Kahler manifold X. 
Fix the background metric ho on E;  then for any other metric h ,  on E ,  we define 
a smooth endomorphic h on E by 

(2.1) (3, t>l = (hs ,  t>o-  

In terms of local coordinates, 

or 

Clearly, h is selfadjoint and positive. Hence, 

(2.3) (hs ,  t ) o  = (s, hf)cl, 

and (hs ,  s> > 0 if s # 0. 

defines a Hermitian metric on E .  
Conversely, given any selfadjoint positive endomorphism h,  equation (2.1) 
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S264 K. UHLENBECK AND S. T. YAU 

From (2.2) we see that the Hermitian connection forms A' and A' are related 
by 

A' = h,' ah, 

= h-lh,' l3(h0h) 

= h-?40h + h-' ah 

= h- ' (ah  + [AO, h ] )  + A0 

= A0 + h-' doh. 

Hence, 

F' = 2A' = gAo + a(h- '  soh). 

The corresponding Hermitian-Y ang-Mills tensors are related by 

We simply write (2.4) as 

(2-5) H = H, - q h - l a o h ) .  

Thus the existence of the Hermitian-Yang-Mills connection is equivalent to 
the existence of a selfadjoint, positive endomorphism of E satisfying the equation 

Before we proceed, we introduce some notation. Given any real-valued 
function +, we define +(A) as follows: Diagonalize h with respect to h ,  as 
h = C,eX4 ,  8 e,*. Then we define + ( h )  to be C,+(e")e, 8 e,*. In particular, 
log h = C,X,e, 8 e,*. 

To prove the main theorem, we study the following perturbed equation: 

(2.7) H + Elogh = H, - J ( h - 1 a o h )  + Elogh = 0. 

This equation will be studied in these two sections. The problem of letting 

Before we proceed, we normalize h ,  conformally so that trH, = 0. This can 
E + 0 will be studied in Section 4. 

be done because, by (1.Q 

w" t r H o z  = deg,E - p(rank E)vol M = 0. 
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HERMITIAN-YANG-MILLS CONNECTIONS 5265 

(Note that if h = ph,, then trH(h) = trHo - (rank E ) A p .  The condition for 

To solve (2.7) for large E, we set up a continuity argument by solving the 
the existence of p such that tr H ( h )  = 0 is simply given by lX tr H, = 0.) 

one-parameter family of equations: 

(2.8) L, , , , (h)  = H, - J ( h - '  d o h )  + Ebgh - ~h-'/~H,h'/~ = 0, 

with 

O s a j l .  

Let 

(2.9) T,  = { u E [0 ,  l]IL,, ,,( h )  = 0 has a solution}. 

Then clearly T, is non-empty since, for u = 1, h = identity solves the equation 
for Le,'(h) = 0. As usual, we shall show that T, is both open and closed. This 
implies T,  = [0,1] and 0 E T, which means (2.7) has a solution. 

Before we go on, we make the following observation: 

PROPOSITION 2.1. Suppose h solves (2.8). Then, under the normalization 
trHo = 0, det h = 1. 

Proof: Taking the trace of (2.8), we obtain 

(2.10) trH, - trg(h-'  doh) + tr(E1ogh) - u tr(h-1/2H,h'/2) = 0. 

Since 

tr J ( h - 1  doh)  = tr( g(h- '  a h )  + d(h- ' (Aoh - h~'))) 

= aJ(tr1og h ) ,  

we have 

Atrlogh - Etrlogh = 0. 

By the maximum principle on compact manifolds, tr log h = 0, and therefore, 
det h = 1. 

In order to see that T,  is open, one applies the implicit function theorem and 
hence one wants to study the linearized operaor SL,,,.  For any C' function 9, 
we compute the variation of + ( h )  by 
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S266 K. UHLENBECK AND S. T. YAU 

From now on we shall define the trace inner product in End E by 

( A ,  B )  = trAB*, 

where the identification E = E* is made via the base metric h,. All the 
constants depend only on the Kahler metric on X and the base metric on E .  

LEMMA 2.1. (6  log h ,  Shh-’) 2 ( r n / ( e m  - 1))ISh hP1l2,  where m = 
max Jog hl. 

Proof: From (2.10) we have 

6log h = C6Aaea 0 e,* + C(Aa - Ap)Sa!eP @ e,*. 

Furthermore, 

Thus, 

It is a simple exercise to check that, for any A,, A,, 

A, - A, m 
- e ~ B - ~ ,  >= e m  - 1’  

with rn 2 max(lA,I, IAsl). 
The lemma follows from this fact and the above two inequalities. 

LEMMA 2.2. 
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( S ( a ( h - ' a O h ) ) , S h  O h - ' )  = - j ( a ( h - ' a o ( s h  * h - ' ) h ) , S h  O h - ' )  

- I X  X 

PROPOSITION 2.2. Let + = Sh and m = maxllog hl. Then, 
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S268 K. UHLENBECK AND S. T. YAU 

The proposition follows from Lemma 2.1, Lemma 2.2 and Lemma 2.3. 
Using the normalization tr Ho = 0, we prove in Proposition 2.1 that det h = 1 

and tr Sh h-' = 0. Therefore, (Sh h-', I) = 0. 
Since the kernel of the operator 28' gives holomorphic sections of End E 

and E is stable, it consists of a constant multiple of the identity. Therefore, if 
K > 0 is the first non-zero eigenvalue of the operator - 2'8 O, 

Hence we have proved the following: 

PROPOSITION 2.3. Let maxxllog h J  5 m and + = Sh with tr+h-' = 0. Then, 

where 

In order to make use of Proposition 2.3, we need an estimate on m. 

LEMMA 2.4. 
= log h. Then, 

Suppose H, - 2(h-'  d o h )  + &log h - h-'/2&oh1/2 = 0 and u 

m = maxluls E- '  maxlHo - ROl. 
X X 

Proof: Since ( u ,  ~ ~ - ' / ~ f i , h ' / ~ )  = ( u ,  e - u / 2 f i o e u / 2 )  = ( u ,  I?,), it suffices to 
prove that 

(u, - a ( h - ' d h )  + ~ 1 0 g h )  2 - & A J u ) ~  + ~ 1 ~ 1 ~ .  

It is also sufficient to prove this inequality for a dense set of u E C"(End E). 
Therefore we can assume u has distinct eigenvalues on an open dense set of full 
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HERMITIAN-YANG-MILLS CONNECTIONS S269 

measure. On this open set, we can write 

u = C A a e a  8 e,*. 
a 

Further, 

h = z e A = e ,  8 e,*. 
a 

Therefore. 

Further, 

( u ,  - J ( h - l  d o h )  + Elogh) = - a ( # ,  h-' doh)  + ( d o # ,  h-' d o h )  + elu12 

The estimate on maxxlul follows from the maximum principle. 
By inverting the operator (- $A + E ) ,  we can also derive the following: 

COROLLARY 2.1. If /xlu12 5 m2, then 

where C is independent of E. 

Using Lemma 2.4, we see that the constant C( M ,  E ,  a) in Proposition 2.3 can 
be estimated in terms of K ,  IHol, u and E.  It is clear that when E is large (so that 
m is small) compared with maxlHoI, C ( m ,  E,  u) > 0. The same conclusion holds 
when (I = 0 and E > 0. This shows that when E is large or when u = 0, the 
operator 6 L ,  a( h )  is invertible. 

Let h ,  be a solution of the equation L J h )  = 0. Then the map h + L ,  J h )  
can be considered as a nonlinear smooth map from L,P-space of selfadjoint 
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S270 K. UHLENBECK AND S. T. YAU 

operators of E to L,P_,space of selfadjoint operators of E .  (Note that H is 
Hermitian with respect to the metric defined by h.)  It is easy to check that the 
openness of Te follows if one can prove that the above map maps a small 
neighborhood of h ,  to a small neighborhood of the zero operator. By the implicit 
function theorem, it is enough to prove the surjectivity of the linearized operator 
6L,,.(h0). The surjectivity follows by showing that the kernel of its adjoint 
operator is trivial. 

Our second step is to show that T,  is closed when E is large. Ths  will require 
a priori estimates. Under the assumption that E is large, Proposition 2.3 implies 
that m = sup,llog hl is small. Therefore the closedness of T, follows from 

PROPOSITION 2.4. If H ,  - a ( h - '  doh)  + &log h - h-1/2fioh1/2 = 0 and if 
m = max,llog hl is small, then 

Proof: Let u = log h.  Then we can rewrite the above equation as 

-2(e-"F(u)a0u) + EU = - H ,  + e-u/2fioeu/2, 

where F ( u )  = Se"/Su is the matrix of derivatives of exp at u. Since m = 
max,llog hl is small, ) I  - e-"F(u)l = 6 is small. 

Let A, = 28, and I - e-"F(u) = G(u) .  Then, 

-Aou + u = (1 - E ) U  + a ( G ( u ) a 0 u )  - Ho + e ~ u / 2 f i o e u / 2 .  

Since - A o  + I is an invertible operator from Lf to LP1, there is a constant 
C( p )  such that 

Here we estimated the term 

Therefore, if 1 - C ( p ) 6  2 4 or if S is sufficiently small, we have a uniform 
Lf-estimate on u. Exactly the same argument provides L,P-estimates for u and 
hence the proposition. 

Proposition 2.4 shows that T, is closed when E is large. In particular, u = 0 is 
a point in T,. In the next section we shall prove the existence of solution for 
L,,,(h) = 0 for all E > 0. 

3. Existence of Solution for L,(h)  = 0 for e > 0 

In this section we shall prove existence of a smooth solution for L,(h) = 0 
where L, = L,,o. From the previous section we already know the existence for E 

large. We also prove that the operator 6Le is invertible. Hence, the set of 
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HERMITIAN-YANG-MILLS CONNECTIONS S271 

0 < E < 60 where L,(h)  = 0 has a solution is a non-empty open set. We shall 
prove that it is also closed and hence L,(h)  = 0 always has a solution for E > 0. 

Since the set of E for which L,(h) = 0 is open, we can differentiate the 
equation with respect to E and obtain 6LE(h) (6h)  + log h = 0. We shall find an 
estimate for ah. 

PROPOSITION 3.1. Suppose 6LE(h)(6h)  + log h = 0. Then, for \k = 

h-'/2(6h)h-'/2, 

Taking the inner product with 9, and using the inequalities 

and 

(h-"2(6logh)h'/2 + h'/2(6logh)h-'/2,\k) 

(3.6) = (6 log h ,  6h h-' + h-16h) 

B PI2, 
we can derive (3.1) from (3.4). 
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S272 K. UHLENBECK AND S. T. YAU 

COROLLARY 3.1. Z f  6Le(h) (6h)  + log h = 0 and m = max,llog hl, then 
max,l6hl 5 C ( m ) .  

Proof: By the proposition, we can estimate maxx(\k) in terms of m + 
( j , ~ i P l ~ ) ~ / ~ .  Therefore, it suffices to estimate 

It follows from Proposition 2.3 that we can estimate h-'I2 in terms 
of m. 

PROPOSITION 3.2. Z f  6Le(h)(6h)  + log h = 0, then 

(3.7) IIWl,; 5 C(m)(llhlLq + 1) .  

Proof: By direct calculation, 

6H = 6h h - y H  - H,) - h (  W ( 6 h )  - 2 ( 6 H ) h - '  aoh 
(3.8) 

- 2hh-l  dO(6h) + 2hh-'(Sh)h-' P h ) .  

On the other hand, 

(3-9) 6H = -E6(lOg h )  - log h .  

It follows that we have an equation for 28 O( ah).  By the preceding corollary, 18/11 
and 16 log hl can be estimated by a function of m .  Therefore, we have 

(3.10) I 1 2 ~ o ( w l l L P  s 2e-"II~~ll ,:~ll~llL:'  + Cl(m)llhllL:P + c 2 ( m > .  

l I W L $  I C , ( m ) ( l l ~ ~ l l , y l l ~ l l . : p  + llhlliy + 1).  

ll~hlli:p 5 IlShll L$116hll L - ,  

Since the operator - a d  + Z is invertible, we obtain 

(3.11) 

On the other hand, by interpolation, 

for p large enough. 

into (3.10) and apply Holder's inequality to provide a proof of (3.7). 
Since we have a bound on and 1/11 in terms of m, we can substitute (3.11) 

COROLLARY 3.2. Zf there exists a one-parameter solution to L,( h ,) = 0 in an 
interval ( E , ,  E ; )  such that llog h J  5 m uniform& in E ,  then 

II~JIL; 5 c,(m)(IIhebIILg + I ) ,  

for all E in ( E ~ ,  EL] .  
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HERMITIAN-YANG-MILLS CONNECTIONS S273 

Proof: Let f ( E )  = ~ ~ h J L ; .  Then the proposition gives an inequality: 

(3.12) If'(4I 5 c ( m ) ( f ( E )  + 1). 

The corollary follows by integrating this inequality. 

By Lemma 2.4 and Corollary 2.1, we have then proved the following: 

THEOREM 3.1. There exists a solution to the equation L,(h) = 0 for all E > 0. 
Moreover, i f  jxllog h,I2 stays bounded for E + 0, then there exists a solution in an 
interval in (- E ~ ,  a) for some E~ > 0. 

For later purpose, we shall need 

PROPOSITION 3.3. I f  h solves L,h = 0, and Fh is the full curvature tensor for 
the connection associated with h ,  then 

where F, is the full curvature tensor of the base metric. 

Proof: We have 

(3.13) 

Since H + E log h = 0, 

(3.14) IHI; = tr(hHh-'H*) = tr(HH*) = lH12 

Therefore we need to show 

(3.15) 

But 

L ( H o  - H ,  H )  = -P/ ( logh ,  a(h-' soh)) 
X 

(3.16) 
= E/~a"log h ,  h-' doh)  2 0,  

and (3.15) follows by the Schwartz inequality. 

 10970312, 1986, S1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/cpa.3160390714 by Peking U

niversity H
ealth, W

iley O
nline L

ibrary on [06/01/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



S274 K. UHLENBECK AND S. T. YAU 

4. Proof of the Theorem 

In order to prove the theorem, we have to prove that if h ,  does not converge, 
we can produce a subsheaf of E which violates the condition of stability. The 
subsheaf will be a subbundle outside a closed subvariety of codimension greater 
than or equal to 2. 

The base Hermitian metric allows us to identify a subbundle of E with the 
Hermitian projection onto that subbundle. Hence it will be a section of End E 
given by T so that r2 = T = T*. The holomorphic condition can be identified as 

(4.1) (I - T ) &  = 0. 

This is easily seen to be equivalent to the fact that, for any section f of the 

Hence we define a weakly holomorphic subbundle to be a section n E 

subbundle, d,f is still in the subbundle. 

L:( E ,  E )  such that 

(4.2) 8 2  = .n = r*, ( I  - 7rp.n = 0. 

We shall prove that II is actually smooth outside a subvariety of complex 
codimension greater than or equal to 2 and that it defines a coherent holomor- 
phic subsheaf of E .  We shall also prove that if h ,  does not converge, we can 
normalize in a suitable way and obtain a subsequence converging to such a 
weakly holomorphic subbundle of E. 

We shall use the following lemmas: 

LEMMA 4.1. For 0 < u 5 1 and L,(h) = 0, we have 

1 
(4.3) 

where h" = eau. 

~ h - " / ~ i j ~ h " ] ~  + E ( U ,  h a )  - ;Alh"l 5 - (HO,  h " ) ,  

Proof: From (L,h,  h")  = 0 we obtain 

(4.4) ( h - 1  d o h ,  doh")  + E ( U ,  h")  - a(h-1 doh, h")  = -(&, h") 

By computation, 

(4.5) 
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HERMITIAN-YANG-MILLS CONNECTIONS S275 

Note that we use the following elementary inequality: 

where 0 < u 5 1, A is arbitrary. In the application, we set A = A, and p = 
A j  - A,. 

PROPOSITION 4.1. Suppose that KE- o/xllog hE12 = 00. Then there exists a 
subsequence E, 4 0 and a normalizing constant p, -+ 0 such that, in L:, 

h ,  = P,h(El) I 

h,=p,h(El ) -hm # O .  

(as  a metric), 

Finally, I - lim, represents a weakly holomorphic subbundle. 

Proof: Let P ( E )  = exp{ -M(E)} ,  where M ( E )  is the maximum of the largest 
eigenvalue of log h ( E ) .  Clearly, since tr log h ( E )  = 0, M(  E )  has the same order as 
m(E)- 

Then p(  E )  h ( E )  5 I. From Lemma 4.1 and Lemma 2.4 we have 

By applying the maximum principle, we can estimate m a x  p(E)lh(e)( in 
terms of ( /xlp(E)h(E)12)'/2. Therefore, /xlp(E)h(e)12 is  bounded from below by 
a constant independent of E .  This guarantees that any weak L:-limit of any 
subsequence of p(E)h(E) is nontrivial (as  it implies strong convergence in L2).  

In Lemma 4.1, we can replace h by ph and hence obtain, for u = 1, 

(4.10) 

Therefore, for some subsequence of E ,  + 0, pI = p (  E , )  -+ 0 and h = p,h I (  e l )  has 
a non-zero weak limit h,. 
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S276 K. UHLENBECK AND S. T. YAU 

The same argument as in (4.10) also shows that fXldhTl2 is bounded by 
2max,~Ho~vol(X). By taking a diagonal process, we can assume that h;  con- 
verges to h g  almost everywhere and hence h;  converges weakly to h: in L:. 

The uniform bound on the L:-norm of hy gives the same bound on h g  for all 
u. It then follows that Z - /I: has a weak limit in L: for some subsequence 
u -, 0. We call the limit n. 

It is easy to show that n = n* = s2  almost everywhere. It remains to prove 
the holomorphic condition. Note that n ( Z  - n) = 0 as a distribution; so 

l(Z - ,)an12 = ]a(] - 7r)T.r' = JnaO(z - 7 r ) l Z .  

In order to show that the later quantity is zero, we notice 

2s + a (4.11) A-" 2 7 (1 - AS) 2 0. 

Hence, 

2s + fu 
(4.12) h-"/2 2 - - (Z - h ; ) .  

S 

It follows from Lemma 4.1 and this inequality that 

that, for 0 5 h 1, 

(4.13) 

Hence for 1 + 00, we have 

(4.14) 

If we first let s + 0 and then u 4 0, we obtain 

(4.15) /,-na"z - n ) l 2  = 0. 

In the next sections we shall show that n represents a holomorphic subsheaf 
F of E. Here we derive some information about F. 

LEMMA 4.2. 0 < rank F < rank E. 

Proof: By Section 3, we can assume p, + 0. Since trlog h ( q )  = 0, at least 
one eigenvalue of h ,  = plh(e, )  is smaller than pl. Therefore, h ,  has at least a 
one-dimensional kernel and 0 < rank h ,  c rank E. 
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HERMITIAN-YANG-MILLS CONNECTIONS S277 

The lemma follows from the fact that 

rank h ,  = rank E - rank F 

PROPOSITION 4.2. [C,( F)]/rank F 2 [C,( E)]/rank E .  

Proof: We compute via the Chern-Weil formula. Since the regular points of 
F are the complements of a complex variety of codimension two, the singular set 
cannot affect the computation of C,. In other words, [C,(F)] = [C,(FJregular 
points)]. We have the usual formula 

where F3(  F )  is the curvature of the connection included by the base metric on 
the regular point of F C E ,  n: E + F is the Hermitian projection on the regular 
points of F in this metric and nLaolr: F -+ F is the second fundamental form. 
Note that 178 O n  = 0. Therefore, n ‘ a  O r  = a O n .  Now, 

(4.17) 

Proposition 4.2 follows from (4.15), (4.16) and the following inequality: 

(4.18) 

which can be proved as follows: 
Since n = lim,,.+olim/+m(l - h ; )  weakly in L; and jxtrHo = 0, we have 

If H is the Hermitian-Yang-Mills tensor associated with the metric h ( e , )  = h J p , ,  
then HI = - qlog h( e l )  and 

(4.20) HI= Ho - g(h; ’  soh/). 
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S278 K. UHLENBECK AND S. T. YAU 

Therefore, 

tr(Hoh;) = - /  tr(H,hy) - 1 tr(a(h, 'd'h,)h;) 
- /X X X 

= E , /  tr(1og h(E,)h;)  + / ( h ; '  doh,, doh;) .  

As trlog h ( q )  = 0 and h;  = &h;(E,)), tr(1og h(E,)h;l) > 0. Therefore, as in 
Proposition 4.1, 

- Ix tr(H0h;)  2 / ( d o h ; ,  doh;) .  
X 

(4.21) 

The inequality (4.17) now follows from (4.19), (4.10) and the lower semicon- 
tinuity 

THEOREM 4.1 (Main Theorem). If E is a stable holomorphic vector bundle 
over a compact Kahler manifold X ,  then E admits a Hermitian-Yang-Mills connec- 
tion. 

Proof: By the results of Section 3, there exists a solution h = h(E) to the 
equation H = E log h for E > 0. Furthermore, if jxllog hI2 has an upper bound 
independent of E ,  then h( E )  converges to a smooth Hermitian-Yang-Mills con- 
nection as E + 0. 

If jxllog hI2 does not remain bounded, then Proposition 4.1 gives a weakly 
holomorphic subbundle n which represents a subsheaf of rank strictly between 
zero and rank E .  Proposition 4.1 shows that it violates the stability condition. 

APPENDIX. For later purposes it may be desirable to know more precisely 
the behavior of h ,  when E -, 0. This can be described in the following theorem 
for which we give a semi-rigorous proof. 

THEOREM 4.2. Assume that h(E) solves H + E log h = 0 and that 
lime m/xllog h(&)I2 dp + 00. Then there exist a subsequence & ( I )  + 0 and a 
6 ( 1 )  + 0 in R +  such that in L.:(L( E ,  E ) )  we have the weak convergence: 

u, = 6(l)logh(E(Z)) U, # 0.  

Moreover, we have urn expressed as a sum: 

J 

urn = C a j r j ,  
.i = 1 
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HERMITIAN-YANG-MILLS CONNECTIONS S279 

where J 2 2, a j  > aje1,  and rj are weak projections satisfying rjrk = ajkrj and 
cg-lrj = I. In addition, zjskrj is weakly holomorphic for k = 1,2; , J .  

Proof: Choose S ( E )  to normalize log h(E): 

jJu,12 = 6(e)2/Jlog h(E)I2 = 1. 
X 

By Corollary 2.2 and Proposition 2.3, if m(e)  = max,loglh(e)( we have both 

m ( ~ )  5 E - ~  maxlH,I, 
X 

(4.22) 

and 

m(E) 5 c,,( + rnaxlH,l). X 

It follows that 

luJ2u" 5 A(&) 2 rn(E)2vol X 

(4.23) 

By Lemma 2.4 and this inequality we have the additional inequality ('assume 
rn ( E )  is large): 

This bounds u, = &&)log h(E) in L:(L(E,  E ) ) .  Because L:(L(E,  E)) is weakly 
compact, and lim S ( E )  + 0, we can pick E ,  E [l, 0), E ,  + 0 such that 6, = a(&,) + 

0 and ul = u,=S(E,)log h(e,)  + u, in L:. 
Suppose for the moment we are on an open set X, c X in which the 

eigenspaces of uI are of constant rank: 
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S280 K. UHLENBECK AND S. T. YAU 

where 
the proof of (2.4), 

= & ( ~ ) h / ,  are the normalized eigenvalues. By another application of 

Thus, for the normalized eigenvalues, 

It follows that, as 1 -, 00, the eigenvalues of uI  become constant on X,. A 
global version on X states that all the symmetric functions of the eigenvalues of 
ul approach constants as 1 + a. Hence the symmetric functions of the eigenval- 
ues of u,, and the eigenvalues themselves are constant a.e. 

Furthermore, on XI c X we have, from (2.2) and (2.3), 

A 

in case k > j .  Since A,, I - ik, I --$ aj - ak < 0 we see that, for rk = liml+ m ~ k ,  /, 

for k > j .  This argument is made completely rigorous by approximating C, k T k  

by the sequence c $ ~ ( u / ) ,  where +k: W -+ W, + k ( X )  = 1 for X 5 a k  + 8 ,  + k ( X )  = 0 
for X 2 u k + l  - 6. We approximate C J , p J  by *qk(u), where * q k ( X ) + k ( X )  = 0, 
*qk(h)  = 0 for X 5 ak + 6, and *qk(h)  = 1 for A 2 ak+ l  - 6. Then one shows 
from the same inequalities that *qk (u / )  -, * q k ( U , )  = C,, k r ,  in L:, + k ( u / )  -+ 

~ J ~ k ~ j  in L:, and l x l ( * q k ( u / ) a ( * q k ( u / ) ) 1 2 W n  * O. 

5. Estimates from Yang-Mills Theory 

We use the equation H + E log h = 0 as an approximation to the equation 
H = 0, a special case of the Yang-Mills equation. A bound on max,lH( will lead 
us to further useful estimates. 
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HERMITIAN-YANG-MILLS CONNECTIONS S281 

LEMMA 5.1. For E > 0, the Hermitian-Yang-Mills tensor H = H(h(e)) 
satisJies (in the base norm) 

Proof: Since H = --E log h, we see luckily that hl/'Hh-l/' = H, and a max 
bound on I E  log hl is required. From Corollary 2.2, 

as required. 

We will be able to see directly that, even as h, diverges, the associated 
connections converge on a dense open set as unitary connections, not as holomor- 
phic connections. In one complex dimension, the compactness theorem implies 
that this convergence is on all of X (see [27]), in two complex dimensions it is 
known to be valid on the complement of a finite set of points (see [9]). We change 
our point of view and regard the holomorphic connection { a;, a: + h- l  a:h} as 
a unitary connection, and extend the results which are known in complex 
one-and two-dimensional spaces to arbitrary dimension. 

The metric for which the new connection is unitary is h. Any GL(r, C) gauge 
change u for which h = (vu*)-' will transform h into the base metric. The 
unitary gauge group freedom lies in the arbitrariness of the choice of u. The 
possibilities for u are u = uh-1/2, where u is an element of the unitary gauge 
group. If one were to choose a global canonical u ,  presumably it would be h-ll2. 
Some of the estimates in Section 2 exploit this gauge change in a non-explicit 
fashion. Let us agree to make this gauge change, so that in the canonical unitary 
gauge 

0, = 8: + A ,  = a: + h-'/2c?:h1/2, 

0, = a: + A ,  = + h'/2agh-1/2, 

H = h1/2Hh-'/2. 

Certainly one reason for the success of our technical method is that the norm of 
the Hermitian-Yang-Mills tensor is not affected by this change. Of course, all our 
estimates are completely gauge-invariant. It is only necessary to choose the 
gauges consistently. 

The main result we shall use from gauge field theory is an a priori estimate 
for holomorphic connections where a bound on the Hermitian-Y ang-Mills tensor 
is known. This is a class of a priori estimates, which are proved via a scaling 
inequality and a geometry of X .  Balls of radius a, should be nearly Euclidian. 
The number K depends on the group, in this case on U(r). Recall that the bundle 
being holomorphic means the (2 ,O) and hence (0,2) part of the curvature 
vanishes. 
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S282 K. UHLENBECK AND S. T. YAU 

THEOREM 5.1 (Uhlenbeck [28]). Let E + X be a rank r vector bundle over a 
compact Kahler manifold X (complex dimension n ,  real dimension 2n).  Given 
n < p < 00, there exist uo > 0, K > 0, and C, < 00 such that if d A  is a unitary 
holomorphic connection in E and 

then 

IF1Zin/' + u2nmaxIHIP. X i /  6 ( x ,  y ) s 4 0  

Here we have set H = gas F,p with no p I  factor. 

(FIP0" < C p ( 2 - P ) "  
L ( x .  y)-=2a 

As given, this is not the estimate we need. Part of the proof of the above 
theorem uses the existence of "good gauges". 

COROLLARY 5.1; see [27]. Under the hypothesis of Theorem 5.1, we have the 
existence of a (unitary) local trivialization in BZo( y )  such that EIB,,( y )  = €I2,,( y )  
X CN, D = d + A,  and 

(grad A(P + u-p VIP 6 cz/ FIP* 
L x .  y ) s 2 0  L X 3 y ) s 2 o  S(X .  Y ) s 2 a  

How does this lead to an estimate on h? Recall our discussion on the 
equivalence of holomorphic and unitary approaches. 

PROPOSITION 5.1. Suppose the connection a A  arises from the connection d o  
via the metric h. Normalize the metric h so that h 5 I .  Then under the hypothesis of 
Theorem 5.1, in B,,(y) we have h = uu*, where A ,  satisfies the estimates of 
Corollary 5.3 and 

a:v = v ~ , .  

Moreover, 

Proof: The terms in u are scaling constants. We assume tbe ball is the unit 
ball and the KAhler metric nearly flat. Moreover, the original connection was C" 
and smooth. The constant C, will depend on 8'. 
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HERMITIAN-YANG-MILLS CONNECTIONS S283 

Apply Theorem 5.1 and Corollary 5.1 to the connection d: + h-l/’ a:h1l2, 
8: + hl/’ a:h-’I2. Since an arbitrary gauge change for the unitary connection is 
u, we have v-l  iJ:u = A,  for h’l2u = v ,  where A ,  is the difference between the 
original connection d and the form for which the estimates in Corollary 5.1 are 
valid. However, the original connection is uniformly smooth and we have these 
same estimates for A,. Elliptic estimates transfer the Lf-estimates on A ,  in a 
ball to those on the L,P-norm of h in a ball of half the radius. 

We state without proof the following convergence theorem. The argument 
concerning the cover of X follows that of Sedlacek [23] for real dimension four. 
The global gauge transformations are constructed in Donaldson [lo] and 
Uhlenbeck [27]. The assumption of compactness made there is not necessary, as 
it can be replaced by a cover which is the finite union of covers made up of 
disjoint balls. The theorem describes the limiting behavior of our equation 
H + E log h = 0, or of the heat equation. 

manifold X and D, a sequence of holomorphic connections such that 
THEOREM 5.2. Let E + X be a Hermitian vector bundle over a Kiihler 

( 4  J x l w u 2  5 B, 
(b) maxxlH(D,)I 5 K .  

Then there exists a subsequence D,, and a closed singular set of finite Hausdorf 
dimension 2n - 4 such that D,,IX - 9’1 is gauge equivalent to a sequence of 
connections which converges (weakly) in L$,( X - 9)  to an L[,% holomorphic 
connection on X - 9. 

COROLLARY 5.2. Let E be the Hermitian uector bundle associated to E and the 
base metric, and B be the holomorphic, unitary connections in E which are 
GL( r ,  C )  equivalent to those constructed from the metric solutions to H + E log h = 

0. Then there exists a subsequence D,, and a singular set of finite Hausdorf 
dimension 2n - 4 such that D,, are gauge equivalent to a sequence which converges 
in Lf on X - 9. Moreover, = I - lims,,lim,,,h” ismeromorphicon X - 9. 

By Lemma 5.1, max,lHI is bounded, and by Proposition 3.3, JxIF1’ 
is bounded, so we can apply the theorem. The regularity of A ,  is sufficient to 
show that the cokernel is meromorphic. 

Proof: 

THEOREM 5.3. The projection T constructed in Corollary 5.2 represents a 
holomorphic subsheaf of E.  

Proof: We need only show that the singularities of real codimension 2n - 4 
are actually the singularities of a meromorphic function (see [24]) and that a 
meromorphic function from X into a Grassmannian pulls back the canonical 
vector bundle to a coherent, reflexive sheaf. This is a much simpler version of the 
discussion in Section 7 and we refer the reader to that. 

As a biproduct of our theory, we have a result concerning the compactness of 
the space of Hermitian-Yang-Mills connections in E -+ X. Since these pa- 
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S284 K. UHLENBECK AND S. T. YAU 

rameterize the stable holomorphic bundles & which are topologically E ,  this 
result should relate other methods of compactifying the space of stable bundles. 
We conjecture that the limit object has a natural structure as a sheaf, although 
even for complex surfaces the actual construction of the sheaf is unclear. 

THEOREM 5.4. Let D, be a sequence of holomorphic Hermitian- Yang-Mills 
connections in a Hermitian vector bundle E over a compact Kahler manifold X. Then 
there exists a gauge equivalent subsequence D,, and a closed set Y of (real)  
Hausdorf dimension 2n - 4 such that D,,IX - 9'1 -, 0,. Here Dm is a holomor- 
phic Hermitian-Yang-Mills connection in E IX - 9'1. 

For complex surfaces, the removable singularities theorem shows that Dm 
completes to a holomorphic Hermitian-Yang-Mills connection in Em. However, 
Em is topologically different from E if Y Z  0 in that at every point in 9' at 
which the convergence fails, of necessity integral multiples of C2 are absorbed, 
and the second Chern class of the bundle Em is smaller than that of E .  

6. Regularity of Weakly Holomorphic Maps 

The purpose of ths  section is to prove that a weakly holomorphic map into 
an algebraic manifold is meromorphic. This will be used in the next section to 
show the regularity of the subsheaf 9. To be precise, let us first define a weakly 
holomorphic map from the ball B c C" into an algebraic manifold M. We 
assume that M is isometrically embedded in C P K  which is embedded in some 
Euclidian space W N .  The map F : B -, M C R is then a vector-valued map and 
it makes sense to say that it is L:. By definition, this means that there is a 
sequence of smooth maps E; from B into W N  so that both F, and dF, converge in 
L2( B )  and that lim, ,F, = F. As usual, we define dF to be lim, - , dF,. 

When n = 1, we define F to be weakly holomorphic if it is L: and, for almost 
every point x in B, dF sends the holomorphic tangent space of Q=T,(B) into the 
holomorphic tangent space at F ( x )  of CT,(,,(M). Note that this makes sense 
because for almost every point x in B,  dF sends the tangent space of B to the 
tangent space of M. (In fact, in this case, F, can be assumed to have the image in 
M (see 1211)). 

When n > 1, we call F weakly holomorphic if for any linear holomorphic 
coordinate system { zl; . ., z n }  on B and for almost every point { z2; * ', zn}, the 
restrictions of F to each complex line in the z1 variable is weakly holomorphic. 

Any weakly holomorphic map into an algebraic manifold is THEOREM 6.1. 
meromorphic . 

Proof: First of all, we prove the theorem when n = 1.l It is clear that we 
have only to prove the continuity of F. 

'M. Gruter, Regularity of weak H-surface, J.  Reine Angew. Math., 329, 1981, pp. 1-15. 
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HERMITIAN-YANG-MILLS CONNECTIONS S285 

Let x E B be any point. Let B,(r)  be the balls of radius r around x and 
E,(r )  the energy of F over Bx(r) .  Then we want to prove that, for some a > 0, 
E x ( r ) r - a  is bounded as x varies in a compact set of B. The continuity of F will 
then follow from Morrey's lemma; see [16]. 

Clearly, we can assume that r is small and B,(r)  c B. As the total energy is 
bounded, it suffices to prove the differential inequality 

dE 
dr dr rP2Er >= 0. - - r - l  2 - d (  r-'Er) 

Therefore, E,(r )  5 r d E / d r .  If the image of the circle of radius r is large, then 
/:"I dF/ do1 dB 4 r dE/ dr is large and the inequality is obvious. Hence we can 
assume that the length of these curves is uniformly small. 

When the length of the image of the circle of radius r is small, it lies in a 
coordinate chart of M. One can solve the Plateau problem for thls curve within 
this coordinate chart. By the isoperimetric inequality for minimal surfaces, we 
know that the area of this minimal surface is dominated by the square of the 
length of the curve. Hence the curve bounds the images of two different disks. In 
particular, we have a map of the sphere into M. (The map F on B,(r)  is not a 
priori continuous. We simply approximate F in L:-norm by a smooth map into 
M. This is possible because n = 1 (see [22]).) We claim that this map is 
homotopically trivial. 

In fact, by using the uniformization theorem, we may assume that the above 
map is conformal. In this case, area is the same as energy. Hence the total energy 
of this map is not greater than E,(r)  plus some multiple of the square of the 
length of the image circle of radius r .  Hence by choosing r small enough, the 
total energy of the map from the sphere is less than some fixed constant. As was 
proved in Sacks-Uhlenbeck [20], this constant can be chosen so that the map 
must be homotopically trivial. 

Let !J be the K u e r  form on M. Then, using the Wirtinger inequality and 
dS2 = 0, we can prove that jBXcr,F*!J is not greater than the area of the minimal 
surface constructed above. In particular, the isoperimetric inequality shows that 
jBxcr,F*S2 is not greater than some constant times the square of the length of 

To prove our differential ineguality, it suffices to prove that jBxjr,P*Q is 
E,(r ) .  Actually, at this moment, F is only a smooth map whch apprommates the 
original F in the Lt-map. In general, for smooth maps F, 

F( 8Bx(rN.  

L A r )  s*!J = ,,rr,law - L x ( r l w 2 .  

We claim that when P is close enough to our map F in Lt-norm, /Bxcl,P*S2 is 
close to Ex( r ) .  

In fact, given any small e > 0, we can assume that k ( x )  is &-close to F ( x )  for 
x outside a set where the energy of E is smaller than E. For any two points y1 
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S286 K. UHLENBECK AND S. T. YAU 

and y2 in M which has distance less than E ,  we can identify the tangent space of 
M at y1 and y2 by parallel transportation in M along the shortest geodesic 
joining y1  and y2. For each point y in M ,  let P,, be the projection from the 
complexified tangent space of W at y to the holomorphic tangent space of M at 
y .  In this terminology, I( gF)(x)l is equal to IPF(~)F*( d/d?) l .  By assumption, this 
is close to lPfix)F*( d / d T ) (  in L2-topology. 

Outside a set where the energy of F is small, the L2-norm of IPF(xj&( d /d? ) (  
is not greater than the L2-norm IPFcx&(d/dT)l plus a small multiple of the 
L2-norm of IF*(d/dT)I. Therefore, the L2-norm of lJFl is not greater than a 
small constant plus the L2-norm of lgFI. Since JF  = 0 almost everywhere, we 
conclude that the L2-norm of lgFl is small. 

A similar reasoning shows that the L2-norm of 1 d F  I is close to the L2-norm of 
I dF I. Hence lf *Q is close to the energy of F and we have proved our claim. 

This claim implies the continuity of F and proves the theorem for n = 1. For 
n > 1, we proceed as follows. 

Since an algebraic manifold is a submanifold of CP", we assume that 
M = CP". By writing CP" as C"  union the plane at infinity, we can write 
F = ( f l , -  -, f") ,  where we allow the f ,  to have values at infinity. Hence Theorem 
6.1 can be reduced to the following theorem which is of independent interest. 
(Clearly the theorem can be generalized to 6" with n > 2.) 

THEOREM 6.2. Let f be a measurable function defined on the unit polydisk 
D X D in C 2 .  Suppose that, for some set E of measure zero in D X D, the 
restriction of f to D X D \ E satisfies the following property. For almost every 
z ,  f ( z ,  w )  can be extended to be a meromorphic function of w. Similarly, for almost 
evev  w,  f ( z ,  w )  can be extended to be a meromorphic function of z .  Then f is equal 
to a meromorphic function almost everywhere. 

First of all, we can assume that, for almost every z ,  f ( z ,  w )  is a meromorphic 
function of w. 

LEMMA 6.1. Let E c D X D be a subset with measure zero. Then there exists 
a sequence { t i }  c D and a subset G of D such that p(G)  = p ( D ) ,  where p is the 
standardmeasure on D,  ( { z i }  X G )  n E = 0 andzi  -, $E D as i + +00 .  

Proof: Since p ( E )  = 0, one can find a full measure subset F of D such that, 
for all z c F, p ( ( z  X D )  n E )  = 0. 

We choose a sequence { z i }  C F such that zi + 5 as i -, + 00. If we set 
G = D\(UZl(zi X D )  n E ) ,  then p ( G )  = p ( 0 )  and ( z i  x G) n E = 0 .  

By assumption, there is, in case n = 1, an f o n  D X D such that, for almost 
all w E D, f( a ,  w )  is a meromorphic function of z and E = { x E BI f ( x )  # f ( x ) }  
has measure zero. 

Now we choose zi as in Lemma 6.1; then, for almost all w E D and for all i ,  
f ( Z i ,  w )  = f ( Z 1 ,  w ) .  
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HERMITIAN-YANG-MILLS CONNECTIONS S287 

Taking 

we obtain a sequence of meromorphic functions f,(z, w ) ,  such that f , (z , ,  w )  = 

f(z,, w )  for 1 s j  i .  Now we claim that we can assume that both f ,  and l/fg 
are in LP for all p < 2, and the LP-norms are uniformly bounded. 

To see this, we notice that for any measurable function f ,  the integral 
/ , u , < l l f -  al-f'dadii is bounded independent of f. Therefore, we can apply 
Fubini's theorem to conclude that the double integral 

lf,(z, w )  - al-pdz A dZ A dw A di4 da A dii 1 
is bounded uniformly. Then we can find a,  and b, so that lull 6 a, Ib, - 5 a, 
and both ( f ,  - o,)-' and ( f ,  - b,)-l  are LP integrable for 1 =< p .c 2, the 
LP-norms are bounded independently of i .  Let g,  = 1 + (a ,  - b, ) ( f ,  - aE)- ' ,  
then the Lp-norms of both g, and g;' have a uniform upper bound. It is clear 
that { g , }  satisfies all the hypothesis for { f,}. Therefore we can assume that both 
g ,  and g;' are LP-integrable for all p < 2 and the Lp-norms are uniformly 
bounded. 

LEMMA 6.2. Let + be a meromorphic function dejined on the unit disk 
D = { JzI < l}. Then there exists a constant C independent of +, such that 

Proof: Since 

is a linear combination of the 6 functions at the poles of +, 

where p is a smooth function with compact support in It( < 1, and equal to 1 on 
Iz) < a. In the following, we denote by C a constant independent of +. 
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S288 K. UHLENBECK AND S. T. YAU 

Integrating by part, we obtain 

Clearly the same equations hold if we replace + by +-'. Summing the two 
equations, we obtain 

Let h ( t )  = i t  log-2(1 + t )  when r 2 1 and h ( t )  = +t-'log-2(1 + r-') when 
t 5 1. Then 

1+]21og-2(1 + +12) - log-'(l + 1+12) + (+-'(21og-2(1 + 1+-li2) 

-1og-1(1 + 1+-112) 2 h(1+I2) .  

Therefore, applying the Schwartz inequality to the previous equation, we find 
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HERMITIAN-YANG-MILLS CONNECTIONS S289 

By direct computation we obtain 

Since h(l+I2) 2 C > 0, we conclude that 

COROLLARY 6.1. jj~z~63~4,1w,~3,4)~fi~2/(1 + l f i 1 2 ) 2  5 C, where C is inde- 
pendent off;. 

Proof: Applying Lemma 6.2 to f i ( z ,  .) for all z E D ,  we have 

Therefore, 

Similarly, if we replace f by f, we get 

but f = J a.e., and fi, f-' are uniformly LP-bounded for 1 p < 2, 

Now we consider the graphs of f ,  as subsets of D X D X CP'; then the 
above corollary implies that, over each compact subset of D x D, the volumes of 
the graphs are uniformly bounded, since the volume form of the graph off ,  over 
D x D is dominated by the Euclidean volume form of D X D plus 
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S290 K. UHLENBECK AND S. T. YAU 

Therefore, by Bishop's theorem [5 ] ,  the graphs of If,l converge to an analytic 
subset A of D X D X CP'. Furthermore, for each (z, w )  E D X D ,  the limit set 
of { f,(z, w)} is contained in A n ((z, w )  X CP'). We choose a meromorphic 
function h on D X D X CP' so that for each point x E (z, w )  X CP' which is 
not in the limit set h is holomorphic on (z, w )  E D X D and h ( A )  = 0, 
h ( x )  jt 0. Define h , ( y )  = h ( y )  - h(f,(z', w')), for y E (z', w') X CP1; then 
h ,  = 0 on the graph of f,. Now h ,  -, k ,  h" vanishes on A ,  but h"(x) # 0, so 
x E A ,  i.e., the limit set of (fi(z, w ) }  is just A n ( ( z ,  w )  X CP'). Since the 
projection of D x D x CP' onto D x D has degree one on the graph of each f,, 
there exists an analytic subset S of codimension one in D X D such that 
A \(S X CP1) is a graph over D x D\S. For each j ,  f,(z,, w )  =f(z,, w )  for 
i 2 j .  The limit set of { f,(z,, w)} consists of only one point (z,, w ;  f(z,, w)), i.e., 
(z,, w) E D o  X Do\S. 

Hence, we conclude that there exists a meromorphic function g in D X D ,  
such that g(z,, w )  = f(z,, w) for j 2 1. Since, for almost all w E G c D, f(z, w )  
is meromorphic on z, and is equal to g(z, w )  at infinite number of points { z , } ,  
g(z, w )  =f(z, w )  for such w E G, i.e., g(z, w )  =f(z, w )  a.e. 

It follows that f is equal to a meromorphic function almost everywhere. 
Theorem 6.2 is proved. 

Remark. As was noted by B. Shiffman, a corollary of Theorem 6.2 is that 
every closed locally rectifiable (1,l) current is given by a holomorphic chain. This 
statement was proved by R. Harvey and B. Shiffman in [12] withathe extra 
assumption on the support of the current. More recently, Shiffman informed us 
that he has a different method to demonstrate the statement. 

7. Regularity of Weakly Holomorphic Subbundles 

In this section, we describe another approach to prove the regularity of n 
without using the estimate from Yang-Mills theory. In fact, we shall prove that 
the weakly holomorphic subbundle defined in Section 4 is given by a holomor- 
phic subsheaf. 

Given a holomorphic vector bundle E over a complex manifold M ,  we can 
find an open cover { 0, } of M so that E ( 0 ,  is biholomorphic to 0, X Q= and the 
transition transformations are given by holomorphic maps from 0, n 0, to 
GL(r, C). A holomorphic subbundle of rank k can be given as follows. For each 
I ,  it is given by a holomorphic map f ,  from 0, to G ( r ,  k ) ,  the Grassmanian of k 
planes in C'. The map f ,  is equal to fJ  up to the automorphism of G ( r ,  k)  
induced from the transition transformations of the bundle E.  

If f, is only rational, i.e., f, is defined outside a subvariety of codimension at 
least two in V,, then the set (f,} defines a coherent subsheaf of E. It can be seen 
in the following way. Let U ( k )  be the universal bundle over G ( r ,  k ) ,  F, be the 
closure of the graph off,. Let n;, n; be the projections to the first and the second 
factor, respectively. Then $*U(k)  is a k-bundle on F,, by the Gauert direct 
image theorem, n,8*(n;*U(k)) is a coherent sheaf on Of, induced by f,. Obviously, 
m;*(n;'U(k)) and n;*(r;*U(k)) are patched up on 0, n 0, by the automorphism 
of G ( r ,  k ) ,  since f, and f ,  are. 
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A weakly holomorphic subbundle is given by a projection map IT. The rank of 
the projection is given by tr IT which has to be an integer. Since tr IT is L:, it is 
straightforward to show that the integer is in fact a constant almost everywhere. 
Let tr T = k be this constant. Then, in each coordinate chart 0,, IT induces a 
mapping 4, from a set of 0, with full measure into G ( r ,  k ) .  We claim that the 
can be extended to be a rational mapping from 0, to G ( r ,  k). Without losing 
generality, we may assume that n = 2, 0 = 0, = D X D, 7i = 7i,, where D is the 
unit disk in C1. As IT is L:, for almost every z E D (respectively w E D), the 
restriction of IT to { z }  x D (respectively to D X { w } )  is L:. Consider T to be a 
mapping from D x D to the submanifold V, of End E consisting of all elements 
with rank equal k .  The well-known approximation theorem (see [22]) tells us that, 
if nZ = IT{ z }  X D is L:, IT, can be approximated by Lf-bounded smooth map- 
pings F, from { z }  X D into V,. As discussed in Section 6,  we see that 
l i m , + m ~ o x A ~ ( I  - F,)2F,l2 = 0. Define t { z }  X D + G ( r ,  k)_by t ( z ,  w )  = the 
image F,(z ,  w ) ( C r )  E G ( r ,  k ) .  We claim that the limit of F, gives a rational 
extension of eZ = 41zxA. 

First of all, let us prove that the 6 are L:, and their Lt-norms are uniformly 
dominated by those of IT, and so are uniformly bounded. We use the Plucker 
coordinate for G ( r ,  k ) .  Let el, e 2 , -  . -, e, be any unitary frame field which spans 
F,(C’) at any given point ( z ,  w )  E z X D,  so that F,(e,) = eJ for j 6 k .  Since F, 
is continuous, F,(e,)  A - - .  A F , ( e k )  defines the plane in G ( r ,  k )  near ( z ,  w )  and, 
at ( z ,  w ) ,  lV[F,(e , )  A . . .  AF,(ek)]l  is dominated by for any subset 
{ z1; . e ,  i,} of { 1 , 2 ;  -, n } .  This implies that the L:-norms of 4 are dominated 
by those of F,.  

Secondly, we prove that lim, ~ + ,lOxAl?tI2 dw = 0. This follows from the 
definition of $, and 

In fact, let e,;  . ., e,  be a holomorphic frame of C‘, so that, at a given point 
( z ,  w ) ,  F,(e,) = e, for 1 g j  _I k, and e l , - .  ., e ,  are orthogonal. One checks that 

m ( e l >  A - * *  M ( e , ) I  

k 

= C ( 2 F , ( e , ) , e j > & ( e l )  A . - .  ~ e ( e , )  
m= 1 

= tr(F,?F,) * q . ( e l )  A A F , ( e k )  

.. 
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S292 K. UHLENBECK AND S. T. YAU 

Therefore, 1261 is dominated by I( I - F , )  2F,I and Itr( F, 26) 1, tr( F, 24) converges 
to tr(rzgrz) in L2 and tr(rz2rz) = tr( grz), 2 tr rz = 0 since tr(rz) is constant 
almost everywhere. We conclude that-jz,Altr(F,g4)12 dw + 0 as i + + 00. On 
the other hand, - A  j Z x b l ( l  - F l ) a F l \ 2  dw + 0 as i + + co, hence 
lim, ~ +,/oxaldF,12 dw = 0. 

Summing the above, we see that the limit of 6 gives an extension of 
li, = # I z x A ,  which is weakly holomorphic. By the regularity theorem of Section 6 ,  
it follows that, for almost every z E D, + I o x A  can be extended to be a 
holomorphic mapping from { z } X D into G ( r ,  k ) .  Similarly, for almost every 
w E D ,  elDx+ can be extended to be a holomorphic mapping from D x { w }  
into G ( r ,  k ) .  

Now our claim follows from the regularity theorem of Section 6 for n = 2, so 
does the main theorem. 

8. Applications 

Our main application is similar to a major application of the solution of the 
Calabi conjecture: inequalities between Chern numbers of the tangent bundle 
(311. The same argument gives the following: 

THEOREM 8.1. Let E be a stable holomorphic bundle over a compact n-dimen- 
sional Kahler manifold X with respect to the Kahler class w.  Let r = rank E .  Then 
2rC2(E)  U d-2 2 ( r  + 1)C: U u " - ~  and the equality holds if and on& i f  the 
pull-back of E to the universal cover of X is a direct sum of Hermitian holomorphic 
line bundles where the curvature forms of these line bundles are equal to each other. 

COROLLARY 8.1. Let E be a stable holomorphic bundle over a compact Kahler 
manifold X .  Then E is obtained from unitary representation of the fundamental 
group of X i f  and on& i f  C: U = 0 and C, U u"-' = 0. 

Using the connection constructed in this paper, Cho, in his Harvard thesis [7], 
computed the curvature of the K U e r  metric on the moduli space of stable vector 
bundles. He concluded that the holomorphic sectional curvature must be positive 
if X is a curve. In particular, if the moduli space is non-singular and compact, it 
must be simply connected. 
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